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Tai liéu tap huan giang day mén Toan bang
tiéng Anh

1. Mathematical English — Thuat ngi¥ toan hoc tiéng Anh

Chu Thu Hoan - Trwedng PT Chuyén ngoai ngir , Bai hoc
ngoai ngl*, DPHQG Ha ndi

2. M6t sé van dé trong viéc soan bai va gidng day mén Toan
bang tiéng Anh

Nhom bién soan tai liéu tdp hudn mén Toan

3. The sine rule and the cosine rule — Cac cong thirc sin va
cos

Ta Ngoc Tri — B6 giao duc
Loai bai giang: bai giang trung hoc phd théng

4. Trig Derivative — BDao ham ham lwong giac
Ta Ngoc Tri — B6 giao duc
Loai bai giang: bai giang trung hoc phd théng

5. Equation of Circle — Phwong trinh dwong tron
Nguyén D&c Thang — Trwong PT Amsterdam Ha Néi
Loai bai giang: bai giang trung hoc phd théng

6. Parametric equation of a line — Phwong trinh tham sé cla
dwdrng thang (chuyén thé bai giang tiéng Viét sang tiéng Anh)

Nguyén D&c Thang — Trwong PT Amsterdam Ha Néi

Loai bai giang: bai giang trung hoc phé théng



7. Geometric Sequences — Day cap sb nhan
Tran Thanh Tuan — Pai hoc Khoa hoc Ty nhién Ha Noi
Loai bai giang: A-level

8. Application of Differentiation: Related Rates — 'ng dung
cta phép tinh vi phan: Cac tbc do bién thién phu thudc nhau

Tran Thanh Tuan — Pai hoc Khoa hoc Ty nhién Ha Nbi
Loai bai giang: A-level
9. Permutations and Combinations - Hoan vi va T hop

Chu Thu Hoan - Trwdng PT Chuyén ngoai nglr , Bai hoc
ngoai ngl*, PHQG Ha ndi

Loai bai giang: SAT



LOI NOI PAU
Véi muc dich 1a trong khoang 8 budi tap huan, cac thay ¢ s& soan
dugc bai giang, va budce dau co thé giang bai duoc bang tiéng Anh,
nén bo tai liéu tap huan nay sé trinh bay nhitng hudng dan hét strc co
ban vai cac bai soan mau c6 ndi dung khong kho dé da sb cac thay co
s& khoéng gap van dé kho khan gi trong noi dung, ma chi tap trung vao
cac phuong phép soan bai giang va céch thtc giang bai trén 16p. Dé c6
thé giang bai trén 16p, dau tién cac thay ¢ s& phai soan gio an bai
giang d6. Cong viéc nay kha 13 twong tu Vi Viéc soan bai giang bang
tiéng Viét, chi khac l1a cac thay co s& phai soan bang tiéng Anh. Vi
vay, bai viét dau tién trong tai liéu tap huan 1a mot bang liét ké cac
thuat ngit Toan hoc bang tiéng Anh kha 1a co ban va day du. Nhiing
thuat ngir nay sé 1a nhiing tir vung chuyén mén Toan can thiét cho
cong viéc giang day cua céc thay cd. Tiép theo d6, & bai viét thir hai,
nhom bién soan trinh bay nhimg huéng dan co ban va can thiét dé cac
thay c6 c6 thé soan mot bai giang va cac budc trinh bay bai giang d6 ¢
trén 16p. Bai viét nay s& cung cap cho cac thay cd nhitng huéng dan
khé 1a chi tiét dé cac thay cd cd thé 4p dung va thue hanh duoc ngay.
Phan con lai cua tai liéu gom bay bai soan miu, trong d6 bén bai dugc
soan theo cach chuyén thé tir bai soan tiéng Viét sang tiéng Anh, hai
bai duoc soan theo giao trinh giang day A-level, va mot bai dugc soan
theo gido trinh giang day SAT. By bai soan miu nay s& cung cap cho
cac thay cd nhiing vi du dé cac thay co budc dau co thé thuc hanh
soan nhitng bai giang cua minh.

Nhom bién soan hy vong nhitng tai liéu nay s& gitp ich duoc cac thay
cd mot phan trong viéc giang day Toan bang tiéng Anh. Tai liéu dugc
bién soan trong mot thoi gian khdng dai nén sé cé khong it thiéu sot,
rat mong cac thay co gép ¥ dé nhom bién soan cd thé chinh sira thanh
mot tai ligu tot hon.

Nhém bién sogn tai liéu tdp hudn mon Toan.



OoOoO~NO O~ WNPEFEO

MATHEMATICAL ENGLISH

By CHU THU HOAN

GV Trwong PT Chuyén ngoai ngix, Pai hoc
ngoai ngir, PHQG Ha ndi

Zero 10
one 11
two 12
three 13
four 14
five 15
SiX 16
seven 17
eight 18
nine 19
-245
22 731
1 000 000
56 000 000
1 000 000 000
7 000 000 000
1 000 000 000 000
3 000 000 000 000
1 one half
2
1 one third
3

Arithmetic

Ten 20
Eleven 30
Twelve 40
thirteen 50
fourteen 60
fifteen 70
sixteen 80
seventeen 90
eighteen 100
nineteen 1000

twenty
thirty

forty

fifty

sixty

seventy
eighty

ninety

one hundred
one thousand

minus two hundred and forty-five
twenty-two thousand seven hundred and

thirty-one
one million
fifty-six million

one billion [US usage, now universal]
seven billion [US usage, now universal]
one trillion [US usage, now universal]
three trillion [US usage, now universal]

Fractions [= Rational Numbers]

3
8
2

9

three eighths

6 twenty-six ninths



1 one quarter [= one 5 minus five thirty-fourths
4 fourth] 34
1 onefifth ,3  twoand three sevenths
5 7

1 minus one

17 seventeenth

Real Numbers

-0.067 minus nought point zero six seven
81.59 eighty-one point five nine
—2.3-10° minus two point three times ten to the six
[=-2 300 000 minus two million three hundred thousand]
4.10°° four times ten to the minus three
[ = 0.004=4/1000 four thousandths
7 [=3.14159..] pi [pronounced as ‘pie’]
e [=2.71828..] e [base of the natural logarithm]

Complex Numbers

3+4i three plus four i
1-2i one minus two i
1-2i =1+2i the complex conjugate of one minus two i equals one plu:

The real part and the imaginary part of 3+4i are equal, respectively,
to 3 and 4.

Basic arithmetic operations

Addition: 3+5=8 three plus five equals [ = is equal
to] eight

Subtraction: Sy 2 three minus five equals [ = ...]
minus two

Multiplication: 3-5=15 three times five equals [ = ...]



fifteen
Division: 3/5=0.6 three divided by five equals [ =
...] zero point six

(2-3)-6+1=5 Two minus three in brackets times six plus one
equals minus five

1-3 1 One minus three over two plus four equals minus

2+4 3 one third

41[=1-2-3-4] four factorial

Exponentiation, Roots

5? [=5-5=25] five squared

5° [=5-5-5=125] five cubed

5* [=5-5-5-5=625] five to the (power of) four
5 [=1/5=0.2] five to the minus one

5 [=1/5"=0.04] five to the minus two

V3 [=1.73205..] the square root of three
364 [=4] the cube root of sixty four
Y32 [=2] the fifth root of thirty two

In the complex domain the notation %/a is ambiguous, since any non-

zero complex number has n-th roots. For example, 4/4 has four
possible values: +1+i (with all possible combinations of signs).

(1+2)** one plus two, all to the power of two plus two

e” =—1 e tothe (power of) pi i equals minus one



Divisibility
The multiples of a positive integer a are the numbers a,2a,3a,4a,.... If
bis a multiple of a, we also say that a divides b, or that a is a

divisor of b (notation: a|b). This is equivalent to b being an integer.
a

Division with remainder

If a,bare arbitrary positive integers, we can divide b by a, in general,

only with a remainder. For example, 7 lies between the following two
conseentive multiples of 3:

2:3=6<7<3-3=9. 717=2-3+1< (%:2+%j

In general, if ga is the largest multiple of a which is less than or
equal to b, then
b=ga+r, r=01,..,a-1
The integer q (resp.,r) is the quotient (resp the remainder) of the
division of b by a.
Euclid’s algorithm
The algorithm computes the greatest common divisor (notation:

(a,b)=gcd(a,b)) of two positive integers a,b

It proceeds by replacing the pair a,b (say, with a<b) by r; a where
r is the remainder of the division of b by a. This procedure, which
preserves the gcd, is repeated until we arrive at r=0.
Example. Compute gcd(12, 44).
44=3.12+8
12=1-8+4 gcd(12,44) = gcd(8,12) = gcd(0,4) = 4.
8=2-4+0



This calculation allows us to write the fraction % in its lowest terms,

and also as a continued fraction:

44 44/4 11
12 12/4 3

‘ -

N |-

If gcd(a,b)=1, we say that a and b are relatively prime.

add (v)

algorithm (n)
Euclid’s algorithm
bracket (n)

Left bracket

right bracket
curly bracket
denominator (n)
difference (n)
divide (v)
divisibility (n)
Divisor (n)
exponent (n)
factorial (n)
fraction (n)
continued fraction

gcd [= greatest
common divisor]

led/

/' &lgoridom/
/ju: klrd/
I"breekt/

Neft/

[rat/

'k3:1i/

/d1" nominerta(r)/
["difrans/
/d1'vard/

[d1 vizo'bilati/
[d1'vaiza(r)/
1K' spaunant/
[feek to:rial/
['freekn/
/kan'tinju:d /

cong

thuat toan

thuat toan Euclid
diu ngoac

dau ngoac trai
dau ngoac phai

dau ngoac {}

tinh chia hét

sb chia

s6 mii

giai thtra

phan s6

phan s lién tuc

wéc sd chung 1on
nhat



Icm [= least common

multiple]
infinity (n)
Iterate (V)
iteration (n)
multiple (n)
multiply (v)
number (n)
even number (n)
odd number (n)
numerator (n)
pair (n)
pairwise

power (n)
product (n)
guotient (n)
ratio (n)
rational

irrational (a)

relatively prime (n)

remainder (n)
root (n)
sum (n)

subtract (v)

/in" finati/
['ttorert/

/ 1ta'rerfn/

/" maltipl/
/'maltiplar/
/'namba(r) /
/'t:vn/

fod/

/' nju:morerto(r)/
Ipea(r)/
Ipea(r) wairz/
/' pawva(r)/

/' prodakt/
I'kwaufnt/
/'retfiav/
/'reefnal/

It reefonl/
['relotivli/ - /[praim/
/ri'memndoa(r)/
Iru:t/

/sam/
/sab " traekt/

boi s6 chung nho
nhat

vO cuc, vO tan

ldy nguyén ham
nguyén ham

boi sb

nhan

s6

sb chén

sb le

tir s6

cap

tung doi, tung cap
[ty thira

tich

thuong sb

ty 6

hiru ty

VO ty

s6 nguyén t6 ciing nhau
du, sd du

can, nghiém

téng sb

tru



A=a’
a=x+y

b=x-y
C=X-y-zZ
C=XYyz
(X+Yy)z+xy
X+y +7°

Xn+yn :Zn
(X_y)3m

2°3Y
ax? +bx+c
Vx+3ly

a+b
c—d

o)

Algebra
Algebraic Expressions

Capital a equals small a squared

a equals x plus y

b equals x minus y

c equals x times ytimes z

c equals xy z

x plus y in brackets z plus x y

x squared plus y cubed plus zto the (power of)
five

x to the n plus yto the n equals z to the n

x minus y in brackets to the (power of) three m
x minus y, all to the (power of) three m

Two to the x times three to they

a x squared plus b x plus ¢

The square root of x plus the cube root of y
The n-th root of x plus y

a plus bover ¢ minus d

(the binomial coefficient ) n over m

Indices
X zero; x nought
x one plus y i
(capital) R (subscript) i j; (capital) R lower i j;

(capital) M upper k lower i j;

10



Zin:o 8 X

[T.bn

column (n)

column vector

determinant (n)

index (n)
(pl. indices)
Matrix (n)

matrix entry (pl.

entries)

(capital) M superscript k subscript i j
sum of a | x to the i for i from nought [= zero] to n

sum over i (ranging) from zero to n of a i (times) X
to the i

product of b m for m from one to infinity;

product over m (ranging) from one to infinity of b
m

sumofalj timesb jk for j from one to n;

sum over j (ranging) fromonetonof ai jtimesb
jk

sum of n over ixtotheiy tothe n minus i for i
from nought [= zero] to n.

Matrices
['kplam/ cot
['vekta(r)/ vecto cot
[d1't3:minant/ dinh thuc
['tndeks/ s6 mii
(/'indisiiz/)
[ 'mertriks/ ma tran
['entri/ hé s6 ma tran

ma tran mxn

mxn matrix [m by n

matrix]
row (n)

row vector

Irau/ hang

['vekta(r)/ vecto hang

11



Inequalities

x>y x Is greater than y

Xzy x Is greater (than) or equal to y

X<y x is smaller than y

X<y x is smaller (than) or equal to y

x>0 X 1S positive

x>0 x IS positive or zero; x is non-negative
x<0 X IS negative

x<0 x IS negative or zero

Polynomial equations
A polynomial equation of degree n>1 with complex coefficients
f(x)=a,x"+ax" " +..+a,=0 (a,#0)

has n complex solutions (= roots), provided that they are counted with
multiplicities.

For example, a quadratic equation
ax® +bx+c=0 (a=0)

can be solved by completing the square , i.e. , by rewriting the L.H.S
as

a(x+constant)’ + another constant,

This leads to an equivalent equation

b)Y b2-—dac
al x+— | =
2a 4a

whose solutions are




where A=b’ —4ac(a2 (%, — xz)z) is the discriminant of the original
equation. More precisely,

ax’ +bx+c=a(x—x )(X=X,).
If all coefficients a,b,c are real, then the sign of A plays a crucial role

If A=0, then x,=x, (=—b/2a) is a double root;

If A>0, then x =x, are both real;

If A<O, then x =X, are complex conjugates of each other (and

non-real).

coefficient (n) | keuT'f1fnt/ hé sb

Degree (n) [dr'griz/ do, cap bac
discriminant biét 6, hiét thic
Equation IT'kwe1zn/ phuong trinh
L.H.S. [= left hand Vé tréi

side]

R.H.S. [=right hand vé phai

side]

polynomial (adj) /,pali'noumisl/ da thuc

polynomial (n)

phuong trinh dai s6

Provided that /pra'vardad/ gia su

root (n) /'stmpl/ can, nghiém

simple root /'dAbl/ nghiém don

double root /'tripl/ nghiém kep

Triple root /'maltepl/ nghiém boi ba

multiple root nghiém boi

solution(n) /s3'lufn/ nghiém, loi giai,
phép giai

solve (v) Is3\v/ giai

13



Congruences

Two integers a,b are congruent modulo a positive integer m if they

have the same remainder when divided by m (equivaglently, if their
difference a=b is a multiple of m).

a=b(modm)  a iscongruentto b modulo m
a=b(m)
%+ Some people use the following, slightly horrible, notation:
a=b[m].
Fermat’s Little Theorem. If p is a prime number and a isan
integer, then a” =a(mod p). In other words, a® =a is always divisible
by p.
Chinese Remainder Theorem. If m;,m,,...,m_ are pairwise relatively
prime integers, then the system of congruences

x=a,(modm) .. x=a (modm,)

has a unique solution modulo m;,m,,...,m,, for any integers a,,a,,...,a, .

Geometry

Lines and angles

line AB (n) Nlain/ duong thing AB
ray AB (n) Ireil tia AB

line segment AB (n) /ain 'segmont/ Doan thiang AB
length of segment /lend ov 'segmont/ chjéu dai doan
AB (n) thang AB

14



AB = XY means the
same thing as AB =
XY

angle(n)

vertex(n)
acute angle
right angle
obtuse angle
straight angle

m~/ZA =m~«B we can
write Z/ A=z~ /B:
congruent

supplementary (a)
complementary(a)
vertical angle(n)
bisect(v)
midpoint(n)
perpendicular(a)
parallel(a)

transversal(n)(a)

/mi:nz 8s seim 0ip
ezl

l'&ngl/
I"va:teks/
I'akju:t ‘&engl/
['rait ‘@ngl/
lab'tju:s ‘engl/
[strert ‘&ngl/

I"komgruant/

/ sapla"mentari/
/,kompli‘mentari/
I'va:tikal "engl/
/bai"sekt/
/midpoaint/
Ipa:pan‘dikjula/
I'peeralel/

ftrenz va:sal/

15

ddng nghia vai,
tuong tu nhu
goc

dinh

goc nhon

goc vuong

goc tu

goc bet

trong dang,bang

phu

bu

goc dbi dinh
chia do6i
trung diém
vuong goc
song song

duong
ngang,ngang



exterior angle(n)
scalene triangle(n)
isosceles triangle(n)
equilateral
triangle(n)

acute triangle(n)

Obtuse triangle (n)

right triangle(n)
hypotenuse(n)
leg(n)
Pythagorean

theorem and

corollaries

perimeter (n)
triangle inequality(n)
height(n)

altitude(n)

Similar triangles(n)

ratio of similitude(n)

Triangle
leks'tiario ‘eengl/ goc ngoai
/"skeili:n “traieengl/ tam giac thuong
/ai"sosi li:z “traiengl/  tam gi&c can
/ i-kwi lzetoral tam giac déu
“traienmgl/

I'akju:t “traieengl/ tam giac nhon

/ab'tju:s “traieengl/ tam giac tu

['rait “traieengl/ tam giac vudng

/hai'potinju:z/ canh huyén

I"leg/ canh goc vuong
/pai 62ga’rion 'Biarom  dinh ly pythagore va
ond ka'rolaris/ hé qua

/pa’rimita/ chu vi

I'traigngl ,ini-kwoliti/
/hait/ chiéu cao
[ &lti tju:d/ chiéu cao
["similo “traienmgls/
/'reifiou ov ti s dong dang

si'militju:d/

16

bét ddng thuc tam giac

tam giac déng dang



Quadrilaterals and other polygons

/., kwodri’laetarals and "adar “poligans/ tr giac va cac da

giac khac
polygon(n)

side (n)

vertex(n)

vertices
diagonal(n)
guadrilateral(n)
regular polygon (n)

exterior angle

(n)
parallelogram(n)
base (n)

height (n)
opposite sides are
parallel: AB// CD
and AD // BC
opposite sides are
congruent: AB = CD
and AD = BC

/"poligan/

[said/

["va:teks/

/dai"a@gonal/

/ ,kwodri”letaral/

I'ragjula “poligan/

leks'tiaria ‘&ngl/

/ paera’lela,greem/
/beis/

/hait/

['opazit saids a:
‘peeralel/

['opazit saids a:
“kongruant/

17

da giac

Canh

dinh

s6 nhiéu cua vertex
duong chéo

tu giac

da giac déu

goc ngoai

hinh binh hanh
day

chiéu cao

cac canh ddi dién
song song

cac canh ddi dién
tuong dang/bang
nhau



opposite angles are
congruent: LA =

/Cand zBz= 2D

two congruent

triangles: AABC =

AACD
rectangle (n)
length (n)

width (n)
rhombus (n)
Square (n)
trapezoid(n)

isosceles trapezoid(n)

perimeter (n)

circle (n)
center (n)
radius(n)

diameter(n)
chord (n)
circumference(n)
semicircle(n)

arc (n)

['opazit ‘&ngls
a:kongruont/

/tu: “kongruant
“traiengls/:

I"'rek tengl/
/lend/
/wido/

["rombas/
[skwea/
["treepi,zoid/

fai"sosi li:z “treepi,zoid/

/pa’rimita/

Circles
['sa:kl/
['senta/
[‘reidias/
[dai'®mito/
[kord/

[sa:"kamfarans/
/"semi sa:kl/

lark/

18

cac goc dbi dién
tuong dang

/bang nhau

hai tam giac tuong
dang/bang nhau

hinh chir nhat
chiéu dai
chiéu rong
hinh thoi

hinh vudng
hinh thang
hinh thang can

chu vi

duong tron

tam

ban kinh

duong kinh

day cung

chu vi duong tron
nua duong tron,
ban nguyét

cung



intercept (v)
central angle (n)

l'intasept/
/"sentral '&ngl/

chan
goc ¢ tam

Solid and coordinate geometry

rectangular solid =
box(n)

face (n)
edge (n)
length (n)

width (n)
height (n)
cube (n)
volume (n)
cubic unit (n)
surface area (n)
diagonal (n)
cylinder(n)
circle (n)
prism (n)

two congruent

parallel bases

Irek'teengjula/ /'solid/

[feis/
leds/
/len6/

Iwid /

/hait/

/Kju:b/

I'voljum/
I'kju:bik/ /'ju:nit/
['sa:fis/ ['earia/
/dai‘aeganl/
I'silinda/

I'sa:kl/

/prism/

" komgruant/
I'peeralel/
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Hinh hop chir nhat

mat, bé mat
Canh
Chiéu dai, do dai

Chiéu rong

Chiéu cao

Hinh lap phuong
Khéi, thé tich

Don vi lap phuong
Dién tich bé mat
buong cheo

Hinh tru

buong tron

Lang tru

hai day song song



right prism (n)
cone (n)
slant height (n)

circumference(n)

Lateral surface area

(n)
pyramid(n)
polygon(n)
Square(n)

triangle (n)
Sphere(n)
Radius(n)
radii(n)

x-axis(n)
y-axis (n)
origin(n)

guadrant(n)

x-coordinate (n)
y-coordinate (n)

horizontal line (n)

[rait/ /prism/
/koun/

/sla:nt/ /hait/
/sa'kamforans/
I'l&toral/ I'sa:fis/
['earia/
[I'piromid/
I'paligan/
Iskwea/

["traiengl/
[sfiaf
["reidios/

I'reidjai/

leks/ ['&ksis/
Iwail ['eeksis/
'ariddzin/
['kwodrant/

leks/ [kou's:dnit/

Iwait/ /kou'a:dnit/

/,hori'zontl/ /lain/
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Lang try dang
Hinh nén

buong sinh

Chu vi

Dig¢n tich xung
quang

Hinh chop

Da giac

Binh phuong, hinh
vuong

Hinh tam giac
Hinh ciu, mit cau
Ban kinh

S6 nhiéu cia ban
kinh

Truc hoanh

Truc tung

Goc toa do

G6c phan tu, cung
phan tu

Hoanh d6

Tung do

Puong thang song

song truc hoanh



vertical line (n)

midpoint of a
segment (n)
slope (n)=gradient

equation of line (n)

y-intercept (n)
parabola

axis of symmetry

vertex or turning
point

y=ax’+ bx+c, a>
0

The parabola opens
upward and the
vertex is the lowest
point on the
parabola

Ellipse(n)
hyperbola(n)

hexagon (n)

['va:tikal/ /lain/

I'segmoant/

/sloup/

li'’kweifn/ /ov, av/
/lain/

l'intasept/

Ipa‘raebala/

I'eksis/ lov, av/
['simitri/

I'va:teks/ - ['ta:nin/
Ipoint/
y=ax’+bx+c ac<
0

The parabola opens
downward and the
vertex is the highest

point on the parabola

i lips/
/hai”pa:bala/

I"heksagan/
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Puong thang song
song truc tung
Trung diém cua
doan thang

Hé sb goc
Phuong trinh
duong thang

Giao vai truc tung
Parabol

Truc di xing

Pbinh

elip
hyperbol

hinh sau canh



parallelogram (n) / paera’lela,greem/ hinh binh hanh

pass through (v) /pa:s Oru:/ di qua
pentagon (n) /" penta,gon/ hinh ngii giac
plane Iplein/ mat phang (n),
phang (adj)
point (n) Ipaint/ diém
(regular) polygon (n)  (/'ragjula/) /"poligan/ da giac (déu)
(regular) polyhedron  (/'rogjule/) khéi nhiéu mat
(n) / poli”hi:zdran/(pl. (déu)
polyhedra)
(s6 nhiéu. /'pali‘hedral)
projection (n) Ipra’dzekfan/ hinh chiéu
central projection  /’sentral pro’dzekfon/  phép chiéu qua
() tam
orthogonal 137 0oganal phép chiéu truc
projection (n) pra dzekfan/ giao

parallel projection (n) /'parolel pra’dzekfon/  phép chiéu song

song
guadrilateral (n) / . kwodri”laetaral/ tu giac
radius (pl. radii) (n)  /‘reidiss/ ban kinh
rectangle (n) I"rek tengl/ hinh chir nhat
rectangular (adj) Irek'tengjulo/ thugc hinh chi
nhat, vuéng goc
rotation (n) /rou’teifon/ phep quay
side (n) /said/ canh
slope (n) /sloup/ d6 déc
Sphere (n) Isfiof hinh cau, mat cau
Square Iskwea/ binh phuong(n),
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vuong(adj)

surface (n) /' s3rfs/ bé mat

tangent to (v) I'teendzont/ tiép tuyén voi
tangent line (n) ['teendzent lain/ duong tiép tuyén
tangent hyper I'teendzont “haipo/ siéu phang tiép xdc

(plane) (n)

tetrahedron (n) / tetra”hizdron/ khéi tir dién

triangle (n) ["traiengl/ hinh tam giac

equilateral triangle (n) /,i:kwi’lataral tam giac déu

“traieengl/

isosceles triangle (n) /ai’sosi,li:z “traieengl/  tam giac can
right-angled triangle  /'rait,&enld “traieengl/  tam giac vudng
(n)

vertex (n) I"va:teks/ dinh

Euler’s Formula
Let P be a convex polyhedron. Euler’s formula asserts that
V-E+F=2,
V = the number of vertices of P,
E = the number of edges of P,
F = the number of faces of P.

Exercise. Use this formula to classify regular polyhedra (there are
precisely five of them: tetrahedron, cube, octahedron, dodecahedron
and icosahedron).

For example, an icosahedron has 20 faces, 30 edges and 12 vertices.
Each face is an isosceles triangle, each edge belongs to two faces and
there are 5 faces meeting at each vertex. The midpoints of its faces
form a dual regular polyhedron, in this case a dodecahedron, which
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has 12 faces (regular pentagons), 30 edges and 20 vertices (each of
them belonging to 3 faces).

basis (n)

change of basis
bilinear form (n)

coordinate (n)
(non-)degenerate

dimension (n)

codimension (n)

finite dimension (n)

infinite dimension (n)

Image(n)
Isometry(n)
kernel (n)
linear (a)

Origin(n)
orthogonal;
perpendicular
(orthogonal)
projection
guadratic form (n)

reflection (n)
represent (v)

Linear Algebra
I"beisis/ (pl. bases)

Itfemnds/ /"beisis/
/bai’lini:of [fo:m/

/kou'a:dneit/
/di"dzeno, reit/
/d1'menfan,
dar'menfan/

/' famnart/ /di' menfan,

dar'menfan/

[ infinit//dr’ menfan,

dar'menfan/

/"imindz/

/ai”somitri/

['ka:nl/

['linis/

['aridzin/

/3:"0aganal/

Ipa:pan'dikjula/

/pra”dzekfan/
Ikwo'dreetik/

Iri"flekfan/
/,repri'zent/
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co s0, Nén, day, co
SO

dang song tuyén
tinh

toa do

dong bién

chiéu, kich thudc,
khé, c&

sb ddi chiéu

hitu han chiéu

vO han chiéu

anh

dang cu

nhan

tuyén tinh, duong
thang

Géc

vuong goc, truc
giao

phép chiéu vudng
goc

dang phuong trinh
bac hai

su ddi xang

biéu dién



rotation (n)
scalar (a)

scalar product (n)
subspace (n)

/rou’teifon/
I"skeila/
I"prodakt/
I"sab speis/

phép quay

vo hudng

tich vo hudng
khong gian con

(direct) sum (n) Isam/ tong
skew-symmetric(a) phan ddi xing
symmetric (a) [si metrik/ d6i xtng
vector (n) 'vekto/ VEC-to
vector space /"speis/ khong gian véc-to
vector subspace I"sab speis/ khong gian con
Vec-to
Mathematical arguments
Set theory
xeA x isan element of A; x liesin A;
x belongsto A; x isin A.
XeA x is not an element of A; x doesnotliein A;
x does not belongto A; x isnotin A.
X, yeA (both) x and y are elements of A; ...liein A;
..... belongto A; ... arein A.
X, yeA (neither) x nor yisanelementof A;...liesin A;
...... belongs to A; ...isin A.
%) The empty set (= set with no elements).
A= A is an empty set.
A+ A is non-empty.
AUB the union of (the sets) A and B; A union B.
ANB the intersection of (the sets) A and B; A
intersection B.
AxB the product of (the sets) ) A and B; A times B.
ANB=0 A is disjoint from B ; the intersection of A and

B is empty.
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X} the set of all x such that .....

C the set of all complex numbers.

Q the set of all rational numbers.

R the set of all real numbers.

AUB contains those elements that belong to A orto B (or
to both).

ANB contains those elements that belong to both A and B.

AxB contains the ordered pairs (a,b), where a (resp ..b)

belongsto A (resp..to B).

A" = Ax Ax. contains all ordered n-tuples of elements of A.

%’_
n

Belong to(v) [bi’lom tu:]
disjoint from(adj) [dis’d3oint from]
element(n) [‘elimant]
empty(a) [‘empti]
nonempty(a) [‘non,empti]
intersection(n) [,ints’sekf(s)n]
inverse(n) [in’v3:s]

the inverse maptof [Os9 in’v3:s mep tu: ef]

the inverse of f [O9 in’v3:s v ef]
map(n) [meep]

pair(n) [pea(n)]

ordered pair [“0:da(r) pea(r)]
triple(n) [trip(o)]]
quadruple(n) [“kwodrup(9)1]
relation (n) [ri’leif(s)n]
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thudc vé

roi (nhau)

phan tir, yéu té
tréng, rong

khéng tréng,

khong rong

Su tuong giao

su nghich dao, su
kha nghich

anh xa nguoC cua
anh xa f

anh xa nguoc cua
anh xa f

anh xa, ban do, ban
phuong an.

cap, doi

cap tha tu

boi ba

gap bén, boi bdn
quan h¢, hé thac



equivalence relation [i’kwivslont ri’leif(s)n] quan hé tuong

duong

set (n) [set] tap hop
finite set [fainait set] tap hitu han
infinite set [“infinit set] tap vO han
union(n) [ju:nisn] hop

Logic
SvT SorT.
SAT SandT.
S=T Simplies T;if S then T .
SoT S isequivalent toT; S iff T.
-S not S
vxeA... for each [=for every] x in A.......
IxeA... there exists [= there is] an x in A (such that).....
Alxe A.... there exists [= there is] a unique x in A (such
that).....
3 xeA... there no x in A (such that).....
X>0Ay>0= x+y>0 if both x and vy are positive, so is
X+Y.
A xeQ x*=2 no rational number has a square equal
to two

vxeR,3dyeQ |x-y|<2/3 forevery real number x there exists a

rational number y  such that the absolute value of x minus vy is
smaller than two thirds.
Exercise. Read out the following statements.

xe AnB < (xe AAxeB) xe AUB <
(xe AvxeB)

vxeR x*>0 A xeR x*<0 vVyeC F:xeC
y=x
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Basic arguments
It follows from .... that .... : T ....suyra .....
We deduce from ... that ...: Tasuy ra tir .....rang.....
Conversely, .... implies that ....: Nguoc lai, ....... co nghia........
Equality (1) holds, by Proposition 2 : Theo ménh dé 2 , dang thic (1)
dang.
By definition, ...: Theo dinh nghia ......
The following statements are equivalent: Nhiing phat biéu sau l1a
tuong duong
Thanks to ... the properties ... and ... of ... are equivalent to each other
: Nho ....nhitng tinh chét...1a tuong duong.
..... has the following properties: ....cd nhiing tinh chat sau
Theorem 1 hold unconditionally: dinh 1y 1 duoc suy ra mot cach hién
nhién
This result is conditional on Axiom A : Két qua nay dugc suy ra tir
tién dé A...
... is an immediate consequence of Theorem 3: ....1a hé qua truc tiép
tir dinh ly 3.
Note that .... is well- defined, since ....Ch( ¥ rang ....luén dung vi .....
As ... satifises .... formula (1) can be simplified as follows: vi...thoa
man ...cong thic (1) cd thé duoc viét don gian nhu sau .
We conclude (the argument) by combining in equalities (2) and (3):
Tir (1) va (2) ta suy ra diéu phai ching minh
(Let us) denote by X the setof all ..... Ky hi¢u X la tap hop ...
Let X Dbe the setofall ....
Recall that ..... by assumption : Theo gia thiét ta co .....
It is enough to show that ....Diéu kién du 12 ....
We are reduced to proving that ...Suy rat a can chiing minh rang.....
The main idea is as follows : Y tuong chinh 14 nhu sau
We argue by contradiction / Assume that ... exists : Gia sir phan

The formal argument proceeds in several steps : két luan dugc dua ra
tur cac buoc sau...
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Consider first the special case when ...xét trudng hop dic biét dau

tién...

The assumptions ... and ... are independent (of each other). Since
....Cac gia sir 1a doc lap nhau vi ...
... which proves the required claim ... diéu can ching minh

We use induction on n to show that

chirng minh quy nap véin

On the other hand, ...mot mat....
... Which mean that .... diéu d6 chung to rang...
In others word,....ndi mot cach khac...

Argument (n)
assume (v)

assumption
Axiom (n)
Case (n)

special case
Claim (n)

(the following )
claim
Concept (n)
Conclude(v)

Conclusion (n)
Condition (n)

a necessary and
sufficient condition
Conjecture (n)
Consequence (n)
Consider (v)
contradict (v)
Contradiction (n)

Conversely (adv)

['a:gjumant/
[a'sju:m/
[a'samp/n/
['®eksiom/
Ikeis/

I'spefal keis /
/Kleim/

/'konsept/
/kan'klud/
/kan kluzon/
/kon'difn/
I'nesoaseri/
Iso'fifnt/
/kan”dzektfs/
['konsikwoans/
/kan’sida/

/ kontra"dikt/
/,kontra'dikfn/

/kan'va:sli/
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Ta sir dung phuong phap

Lap luan

Gia s

Su gia su
tién dé

cach

cach dac biét
lo1 xac nhan

khai niém

két luan

su két luan

diéu kién

diéu kién can va du

su gia dinh, gia st
hé qua, két qua
xét, chu y dén cho rang
mau thuan véi, trai voi
su phu dinh, sy mau
thuan

nguoc lai



corollary  (n) /ka'rolari/ H¢ qua

Deduce (v) /di"dju:s/ suy ra

Define(v) /di‘fain/ dinh nghia
Well-defined ["weldi faind/ Puoc dinh nghia
Definition(n) /definifn/ l5i dinh nghia

Equivalent(a) i kwivalont/ tuong duong

Establish(v) /' staeblyf/ thiét lap

Example(n) lig"za:mp(a)l/ Vi du
Exercise (n) 'eksasaiz/ bai tap
Explain(v) liks'plein/ giai thich

Explanation(n) /,ekspla'neifn/ su giai thich
False(a) [fa:ls/ sali
Formal(a) ['fo:moal/ hinh thirc
Hand(n) /haend/ tay

on one hand Mot mat

on the other hand Mat khac
iff [=if and only if] Khi va chi khi
Imply(v) /im'plai/ bao ham; keo theo; co

hé qua, co nghia

Induction on(v) /In'dakfn/ phép quy nap
Lemma(n) I'lema/ bo dé
Proof(n) Ipru:f/ Bang chung
Property(n) I'propati/ tinh chat

satisfy property  /'setisfai/ thoa man tinh chat
P [I'propati/
Proposition(n) / propa’zifon/ ménh dé
Reasoning(n) ["ri:zonin/ su bién luan
Reduce to(v) Iri'dju:s/ rut gon
Remark(v) Iri'ma:k/ cha y, chu thich
Require(v) Iri'kwaio/ doi hoi, can tim
Result (v) Iri'zalt/ két qua
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s.t = such that Sao cho
Statement(n) ['steitmont/ cau lénh
t.f.a.e = the Tuong duong voi
following are
equivalent
theorem (n) / 'Biorom/ dinh ly
True (a) Itru:/ ding
Truth (n) /tru:0/ chan ly
wlog = without loss Khéng mat tinh tong
of generality quat
Function
Formulas/ Formulae
f(X) f of x
g(xy) g of x (comma) y
h(2x,3y) h oftwo x (comma) three y
sin(x) sine x
cos(x) cosine x
tan(x) tan x
arcsin(x) arc sine x
arccos(x) arc cos x
arctan(x) arc tan x
sinh(x) hyperbolic sine x
cosh(x) hyperbolic cosine x
tanh(x) hyperbolic tan x
sin(x?) sine of x squared
(sin x)? sine squared of x; sine x, all squared
x+1 x plus one, all over over tan of y to the four
tan(y*)
grooszx three to the (power of) x minus cosine of two x
exp(x® +y?) exponential of x cubed plus y cubed
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Intervals

(a,b) open interval a,b
[a,b] closed interval a,b
(a,b] halp open interval a,b (open on the left, closed on
the right)
[a,b) halp open interval a,b (open on the right, closed on
the left)
Derivatives
f f dash; f prime; the first derivative of f
f f double dash; f double prime; the second
derivative of f
f@ the third derivative of f
f ™ the n-th derivative of f
dy dy by dx; the derivative of y by x
dx
d2y the second derivative of y by x; d squared y by d x
dx? squared
of the pattial derivative of f by x (with respect to x);
OX partial d f by d x
0% f the second pattial derivative of f by x (with respect to
ox? X); partial d squared f by d x squared
\%i nabla f; the gradient of f
Af delta f

Example. The (total) differential of a function f (x,y,z) in three real
variables equal to

df :ﬂdx+ﬂdy+ﬂdz.
OX oy 0z
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The gradient of f is the vector whose components are the partial
derivatives of f with respect to the three variables:
gro@ o oy
x oy oz

The laplace operator A actson f by taking, the sum of the second
partialderivatives with respect to the three variables
=62f +82f +82f .

ox* oy* or°
The Jacobian matrix of a pair of function g(x,y), h(x,y) intwo real
variables is the 2x2 matrix whose entries are the partial derivatives
of g and h, respectively, with respect to the two variables.

Af

o9 o9
X ox
oh ¢oh
x oy
Intergrals
J' f (x)dx integral of f of x d x

itzdt integral from a to b of t squared d t

[[h(x.y)dxdy | double integral over Sofhxy dxdy

S

Differential equations
An ordinary (resp.. a partial) differential equation, abbreviated as
ODE (resp ..PDE) is an equation involving an unknown function f of
one (resp.. more than one) varial together with its derivatives (resp..
partial derivatives). Its order is the maximal order of derivatives that
appear in the equation. The equation is linear if f and its derivatives
appear linearly, other wise it is non-linear.
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f +xf =0 first order linear ODE

f +sin(f)=0 second order non-linear ODE

first order linear PDE

of of
X +Yy)—+(X+y?)—+1=0
(C+y)— ++y)-

The classial linear PDE is arising from physics invole the Laplace
operator

o° o* o°
A=—+—+—

OX oy oz

Af =0 the Laplace equation

Af =11 the Helmholtz equation

Ag = oy the heat equation

OX
2 the wave equation

Above, x,y,z are the standard coordinates on a suit able domain U in
R®, f isthe time variable,

f =f(x,y,z) and g=g(xvY,zt). Inaddition, the function f (resp ..
g ) is required to satisfy suit able boundary conditions (resp .. initial
conditions) on the boundary of U (resp .. for t=0)

act (v) lzekt/ tac dong
action (n) /"&kfan/ tac dong
bound (n) 'baund/ gidi han
bounded (adj) /"baundid/ bi chan
bounded above (adj) /’baundid o'bav/ bi chan trén
bounded below (adj) /"baundid bi'lou/ bi chan duai
unbounded (adj) /an"baundid/ khong gidi han
comma (n) /'koma/ dau phay
concave function (n) I'konkeiv ‘fagkfon/ ham 16m
condition (n) [kon'd1fn/ diéu kién
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boundary condition (n)
initial condition (n)

constant (n)

constant (adj)

constant function (n)
Non-constant (adj)
Non-constant function

(n)

continuous (adj)

continuous function (n)
Convex function (n)

decrease (n)
decrease (v)

decreasing function (n)
strictly decreasing

function
derivative (n)

second derivative (n)
n -th derivative (n)
partial derivative (n)

differential (n)

differential form (n)
differentiable function

(n)

twice differentiable

function (n)

n-times continuously
differentiable function

I'baundari kon'difn/
/imifal kon'difn/
'konstant/

['konstoant/

I'konstant ‘fagkfon/

/"'non 'konstont/
/"'nan 'konstant
‘fapkfon/
/kan'tinjuas/

/kan'tinjuas ‘fapkfon/
/kon'veks ‘fapgkfon/

[ 'dizkri:s/
[ 'dikri:s/

/ 'dizkri:sin ‘fagkfon/

/striktli 'di:Kkri:sin
‘fapkfon/
[di'rivativ/
['sekond di'rivativ/

/'parfal di‘rivativ/

[difa'ren]ol/
[difa'ren]ol fo:m/

/ difa"renfiabl
‘fankfon/

/twais difo renfiabl
‘fapkfon/

/en-taimskan'tinjuasli

difo"renfiabl
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diéu kién bién
diéu kién ban dau
dai lugng (s6)
khong d6i, hang
sb

bat bién, khong
thay doi

ham hang

kha bién, thay doi
ham kha bién

lién tuc, sat nhau
ham lién tuc
ham 16i

su giam sut

lam giam sut
ham nghich bién
Ham giam mot
cach nghiém ngat
dao ham

dao ham bac 2
dao ham bac n
dao ham ting
phan

vi phéan

dang vi phéan
ham kha vi

ham kha vi bac 2

ham kha vi bac n



domain (n)
equation (n)

the heat equation (n)
the wave equation (n)

function (n)
graph (n)

increase( n)
increase (V)

increasing function (n)

strictly increasing
function

integral (n)
integral (adj)
closed integral (n)
open integral (n)
linear (adj)
Non-linear (adj)
maximum (adj)

global maximum (n)

local maximum (n)
minimum (n)

global minimum (n)

local minimum (n)

monotone function (n)

operator (n)
otherwise

Partial(a)
Sign(n)
Value(n)

‘fapkfon/
/dsa"mein/
li'’kweifn/

/hi:t i'kweifn/
Iwerv i'kweifn/
' tankfon/
[gra:f/

I'mkri:s/
/mn'kri:s/
/m'kri:sin ‘fagkfon/
/striktli m'kri:sin
‘fapkfon/
l'intigral/
l'intigral/
/klouzd 'intigral/
['oupan ‘intigral/
I'linio/

/"non 'linis/
I"maeksimam/

/"gloubl “maeksimom/
['loukal “maksimam/

['mmimom/
/"gloubl ‘'mmimam/
['loukal 'minimoam/
/"mona toun
‘fagkfon/

"opa, reito/

[ 'ndswaiz /

[ 'pazfl /

[ sain /

[ 'veelju: /
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mién

phuong trinh
phuong trinh nhiét
phuong trinh song
ham, ham sé

do thi

su tang thém
tang 1én

ham ddng bién
Ham tang mot
cach nghiém ngat
tich phan

nguyén

tich phan dong
tich phan mo
tuyén tinh, thang
khéng thang

cuc dai, cuc do,
toi da

cuc dai toan dién
cuc dai cuc bo
cuc tiéu

cuc tiéu toan dién
cuc tiéu cuc bo
ham don diéu

toan tir, phép toan
cach khéc, khac
riéng, phan riéng
dau, du hiéu

gia tri



complex-valued
function

Real- value function
Variable(n)

complex variable

Real variable

function in three
variables

/ 'kompleks / ['veelju:/

[ r1al/

[ 'veariabl/

/ 'kompleks / /
'veariabl/
[ r1al/ [ 'veariabl/

[ 'veariabl/

with respect to [=w.r.t.]  /wié rr'spekt to /

This is all Greek to me

ham ly gia tri
phtc, ham phic
ham ly gia tri
thuc, ham thuc
bién s6, bién
thién, bién doi
bién phuc

bién thuc
ham ba bién

ddi voi

Small Greek letters used in mathematics

Beta y  Gamma
Zeta n Eta
Kappa A Lamda
Xi o Omicron
Sigma r  Tau

Chi & Psi

) delta

0 theta

M muy

T, p|

v upsilon
omega

Capital Greek letters used in mathematics

a  alpha B
€ epsilon 4
Y iota K
% nu ¢
p rho c
¢, phi X
B Beta r
A Lamda =
T Upsilon @

Gamma A Delta
Xi I Pi
Phi v Psi
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® Theta
¥ Sigma
Q Omega



Sequences, Series
Convergence criteria
By definition, an infinite series of complex number > a,

n=1
converges ( to a complex numbers) if the sequence of partial sums
s, =a, +---+a, has a finite limit( equal to s) otherwise it diverges.
The simplest convergence criteria are based on the following two
facts.

Fact 1. If >"|a |is convergent, so is > a, (in this case we say that the
n=1

n=1

series Y  a, is absolutely convergent).

n=1

Fact 2. If 0<a, <b, for all suflicently large n and if ibn converges,

n=1

so does »a, .
n=1

Taking b, =r" and using the fact that the geometric series ir” of

n=1
ratio r is convergent iff |r| <1, we deduce from Fact 2 the following
statements.
The ratio test (D’Alembert). If there exists 0< r <1 such that, for all

sufficiently large n, |a

n+1

<r|a,| then > a, is (absolutely) convergent.
n=1

The root test( Cauchy). If there exists 0<r <1 such that, for all

sufficiently large n, gja,| <r, the Y a, is (absolutely) convergent.
n=1

What is the sum 1+2+3+--- equal to?
At first glance, the answer is easy and not particularly interesting
as the partial sums
1, 1+2=3, 1+2+3=6, 1+2+3+4=10,...
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tend toward plus infinity, we have

1+243+..= + o
It turns out that something much more interesting is going on behind
the scenes. In fact, there are several ways of “regularising” this
divergent series and they all lead to the following surprising answer:

(the regularized value of) 1+2+3+:--= é

How is the possible? Let us pretend that the infinite sums
a=1+2+3+4+..
b=1-2+3-4+..
c=1-1+1-1+..
all make sense. What can we say about their values? Firstly, adding e
to itself yields.

c=1-1+1-1+..
c= +1-1+1-.. :30:%.
c+c=1+0+0+0+..=1

Secondly, computing ¢* =c¢(1-1+1-1+...)=c—c+c—c+... by adding
the infinitely many rows in the following table

c=1-1+1-1+...
c= 1+1-1+..

c= 1-1+...

we obtain b=c’ =%. Alternatively, adding b to itself gives

b=1-2+3-4+...
b= +1-2+3-... =h=
b+b=1-1+1-1+...=cC

c_1
2 4

Finally, we can relate a to b, by adding up the following two rows:
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a =1+2+3+4+...
dJa= 4 - 8-..

1
:>3a:b:Z:>a:—

1
12

Exercise. Using the same method, “compute” the sum

P+22+3+47+---.

Iirq f(x)=2 the limitof f of x as x tends to one is equal to two

approach (n)

close (v)

arbitrarily close to

Compare(v)
Comparison (n)
Converge (v)

Convergence (n)

criterion (pl. criteria)
Diverge(v)

Divergence(n)

Infinite(a)

Infinity(n)

minus infinity

Plus infinity

/ o' proutf/

[ klavz/

‘a:brtrari klooz tu:/

| kam'pea(r)/
/ kam'peerisn/
/ kan'vs:d3z/
/ kan'vs:d3z/

/ krar tiarion/
[ dar'vs:dz/
/ dar'vs:dz/

[ 'infinat/

[ in'finati /

[ 'mainas 1n'finoati /

/ plas in'finati /
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su gan dang,
phép xap xi, cach
tiép can

dong kin

dong mot cach
tay y

so sanh

sur S0 sanh

hoi tu, ddng quy

su hoi tu, tinh
ddng quy

tiéu chuan
phén ky, Iéch

su phén Ky, tinh
phan ky

vO han, v0 cuc,
Vo sb

v s6, v cuc, Vo
han, vo tan

am vo cuc

cong vo cuc



Large(a)

Large enough
sufficiently large
Limit(n)

tend to a limit
neighbo(u)rhood(n)
sequence (n)
bounded sequence

convergent sequence

divergent sequence

unbounded sequence

Arithmetic sequence
Geometric sequence
Series(n)

absolutely convergent
series

geometric series

Sum(n)

partial sum

/la:dz /
[ la:dz 1'naf/
[ so'fynt la:dz/
[ limat /
/ tend tu: er ‘limit /
/ "neibohud /
[ 'sizkwons /
/ bavnd ‘si:kwans /

/ kon'vs:d3
'si:kwans /

/ dar'v3:d3
'si:kwans /

[ an'baondid
'si:kwans /

['stari:z /

[ "@&bsolu:tli 'stori:z/

| dzi:a'metrik
‘stori:z /

/sam/

/'paf1 sam/
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I6n, rong
du 16n
bu lon
gioi han
tién téi gioi han
lan can
day

day bi chan
day hoi tu

day phan ki

day khoéng bi
chan

Cép sb cong
Cép sé nhan
chudi

chudi hoi tu
tuyét doi

chudi hinh hoc

téng

tong riéng



Prime Numbers

An integer a>1 is a prime (number) if it cannot be written as a
product of two integers a,b >1. If on the contrary, n=ab for integers

a,b>1, we say that n is a composite number. The list of primes
begins as follows:

2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 47, 53, 59, 61,...
Note the presence of several “twin primes” (pairs of primes of the
form p, p+2) in this sequence:

11, 13 17,19 29,31 41,43 59,61

Two fundamental properties of primes — with proofs — were already
contained in Euclid’s Elements:

Proposition 1. There are infinitely many primes.

Proposition 2. Every integer n>1 can be written in a unique way (up
to reordering of the factors) as a product of primes.

Recall the proof of Proposition 1: given any finite set of primes
Py, P;» We must show that there is a prime p different from cach
p. Set M = p,...p;; the integer N =M +1>2 is divisible by at least
one prime p (namely, the smallest divisor of N greater than 1). If p

was equal to p, for some to p, for some i=1,..., j, then it would
divide both N and M = p,(M/p,), hence also N -M =1,which is
impossible. This contradiction implies that p = p,..., p;, concluding
the proof.

The beauty of this argument lies in the fact that we do not need to
know in advance any single prime, since the proof works even for
j=0:1inthis case N =2 (as the empty product M is equal to 1, by

definition) and p=2.
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It is easy to adapt this argument proof in order to show that there
are infinitely many primes of the form 4n+3 (resp.. 6n+5). It is
slightly more difficult, but still elementary, to do the same for the
primes of the form 4n+1 (resp.. 6n+1).

Questions About Prime Numbers

Q1. Given a large integer n (say, with several hundred decimal
digits), is it possible to decide whether or not n is a prime?

Yes, there are algorithms for “primality testing” which are
reasonably fast both in theory (the Agrawal-Kayal-Saxena test) and
in practise ( the Miller-Rabin test).

Q2. Is it possible to find concrete large primes?

Searching for huge prime numbers usually involves numbers of
special form, such as the Mersenne numbers M, =2"-1 (if M, isa

prime, n is necessarily also a prime). The point is that there is a
simple test (the Lucas-Lehmer criterion) for deciding whether M_ is

a prime or not.

In practive, if we wish to generate a prime with several hundred
decimal digits, it is computationally feasible to pick a number
randomly and then apply a primality testing algorithm to numbers in
its vicinity (having first eliminated those which are divisible by small
primes).

Q3. Given a large integer n, is it possible to make explicit the
factorisation of n into a product of primes? For example,
999999 =3%.7-11.13-37.

At present, no (unless n has special form). It is an open question
whether a fast “prime factorisation” algorithm exists (such an
algorithm is known for a hypothetical quantum computer).

Q4. Are there infinitely many primes of special form?
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According to Dirichlet’s theorem on primes in arithmetic
progressions, there are infinitely many primes of the form an+b, for
fixed integers a,b>1 without a common factor.

It is unknown whether there are infinitely many primes of the
form n* +1 (or, more generally, of the form f(n), where f(n) isa
polynomial of degree deg(f)>1).

Similarly, it is unknown whether there are infinitely many primes
of the form 2" -1 (the Mersenne primes) or 2" +1 (the Fermat
primes).

Q5. Is there anything interesting about primes that one can
actually prove?

Green and Tao have recently shown that there are arbitrarily long
arithmetic progressions consisting entirely of primes.

Digit(n) / didzit / chir s6, hang sé

prime number (n) /pram ‘namba(r)/ S nguyén to

Twin primes / twin 'namba(r) / Sb nguyén t6 cling
nhau

progression / pra‘'grefn / Chudi

arithmetic | 3'r1®@matik pra‘grefn ChU6| Sé Céng

progression /

geometric | dziza'metrik Chudi s6 nhan

progression pra'grefn /
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Probability and Randomness
Probability theory attempts to describe in quantitative terms
various random events
For example, if we roll a die, we expect each of the six possible

outcomes to occur with the same probability, namely % (this should

de true for a fair die; professional gamblers would prefer to use
loaded dice, instead).

The following basic rules are easy to remember. Assume that an
event A (resp., B) occurs with probability p (resp.,q).

Rule 1. If A and B are independent, then the probability of both A
and B occurring is equal to pq.

For example, if we roll the die twice in a row, the probability that
we get twice 6 points is equal to 11 =i.

6 6 36

Rule 2. If A and B are mutually exclusive (= they can never occur
together), then the probability that A or B occurs is equal to p+q.

For example, if we roll the die once, the probability that we get 5
or 6 points is equal to E+1=1.

6 6 3

It tunrs out that human intuition is not very good at estimating
probabilities. Here are three classical examples.
Example 1. The winner of a regular TV show can win a car hidden
behind one of three doors. The winner makes preliminary choice of
one of the doors (the “first door”). The show moderator then opens
one of the remaining two doors behind which there is no car (the
“second door”). Should the winner open the initially chosen first
door, or the remaining “third door”?

Example 2. The probability that two randomly chosen people have

birthday on the same day of the year is equal to % (we disregard

the occasional existence of February 29). Given n>2 randomly

45



chosen people, what is the probability P, that at least two of them

have birthday on the same day of the year? What is the smallest value

of n for which P >%?

Example 3. 100 letters should have been put into 100 addressed
envelopes, but the letters got mixed up and were put into the envelops
completely randomly. What is the probability that no (resp., exactly
one) letter is in the correct envelope?
See the next page for answers.

coin (n)
toss [=flip] a coin

die (pl. Dice)
fair [= unbiased] die

biased [= loaded] die
roll [= throw] a die
Head(n)

Probability(n)
Random(a)
randomly chosen
Tail(n)

with respect to [= w.r.t.]

Permutation(n)
Combination(n)
Basic(a)

Count (v)

[ koin/
[ tos/ [koin /

/ dar/
[ fea(r) dar/

/ 'barost dar/
[ raol dai/
/ hed/

/" proba’bilati/

/ ‘reendom/

/ ‘reendomli "tfovzn/
/ terl/

/wid ri'spekt tu/

[ p3:mju'terfn/

| kombr'neifn/

[ 'beisik/

[ kaunt/
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tién bang kim loai
ném, gieo dong tién
bang kim loai

quan suc sic

quan suc sic can
bang

quan stc sic khong
d6i xtng

lan mdt quén suc
sac

dau, phan trén, phan
truge, dé muc

X4C suat

ngau nhién

chon ngau nhién
dudi, phan du

dbi voi

Hoan vi, chinh hop
t6 hop

Co so

bém



Fundamental(a)
Principle(n)

Row(n)
Adjacent(a)
Integer(n)
Arrange(v)
Arrangement(n)

Remain(v)
Restriction(n)
Without restriction
Mean (n)

Arithmetic mean (n)
Median (n)

Mode (n)

Range (n)

Average (n)

| fanda'mentl/

[ 'prinsapl/

| rau/

/ 3'dzersnt/
[ '1ntrdza(r)/
[ 5'retndz/

[ 3'retndzmant/

[ ri'mein/
[ r1'strikfn/

[ wr'daut r1'strikfn/
/mi:n/

[a'riOmatik/ /mi:n/
/'mi:djon/

/moud/

/reindds/

['®voridds/

Co so

Nguyén li, nguyén
tac

Day

Lién tiép, lién ké
Sb nguyén

Sap xép

Su sap xép, su
chinh hop

con lai

Gidi han

Khoéng co gidi han
Trung binh

Trung binh cong
Trung vi

Mod

mién gié tri

Trung binh

Answer to Example 1. The third door. The probability that the car is

behind the first (resp,. the second) door is equal to % (resp,. zero); the

probability that it is behind the third one is, therefore, equal to

1-10-2.
3 3

47



Answer to Example 2. Say, we have n people birthdays on the days
D,,D,,...,D,. We compute 1-P, , namely, the probability that all the
days D, are distinct. There are 365 possibilitices for each D, . Given
D,, only 364 possible values of D, are distinct from D,. Given
distinct D,, D, , only 363 possible values of D, are distinct from
D,,D, . Similarly, given distinctD,,D,,...,D, ,, only 365 (n-1) values
of D, are distinct from D,,D,,...,D, ,. As a result.

364 363 365-(n-1)
" 365 365 365

P =1- 1_i 1_ij...(1_n__1]
365 365 365

One computes that P,, =0.476... and P, =0.507...

In other words, it is more likely than not that a group of 23
randomly chosen people will contain two people who share the same
birthday!

Answer to Example 3. Assume that there are N letters and N
envelopes (with N >10). The probability p,,, that there will be

exactly m letters in the correct envelopes is equal to
1/{1 1 1 1 1
= =———+———=+-=
m!(O! 1 21 3l (N—m)!]
(where m!=1-2---m and 0!=1, as usual). For small values of m (with
respectto N ), p, is very close to the infinite sum

1(1111 j 1 1"

m

m

:ﬁ _t— _—

o 2 3 ) em m
which is the probability occurring in the Poisson distribution, and
which does not depend on the (large) number of envelopes.

In particular, both p, and p, are very close to
0, =0, = 1 0.368..., which implies that the probability that there will
e

be at most one letter in the correct envelope is greater than 73%!
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depend on (V) / di'pend on/ phu thuoc

(to be) independent of  / indi’'pendant ov/ doc lap cua

Correspondence(n) /| kora'spondans / phep(su) tuong
ung

Transcendental(a) | treensen’dentl/ siéu viét
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MOT SO VAN PE TRONG VIEC SOAN BAI VA GIANG DAY MON
TOAN BANG TIENG ANH

Nhom bién soan tai liéu tap huidn mén Toén

TOm tat

Béo céo trinh bay cac kinh nghiém c& nhan caa nhdm bién soan tai liéu tap
huan trong viéc giang day mdn Toan bang tiéng Anh. Céc thanh vién cua
nhom 1 nhitng giang vién dai hoc, céc giéo vién trung hoc da c6 nhiéu kinh
nghiém giang day mdn Toén bang tiéng Anh trén 16p ciing nhu d4 tham gia
luyén thi cac chuong trinh thi Toan vao céc truong dai hoc ¢ nudc ngoai (vi
du nhu SAT, A-level,...). Cac kinh nghiém bao gom viéc chuan bi bai
giang, cach thac giang bai, tuong tac vai sinh vién va cac kho khan trong
viéc giang bai bang tiéng Anh. Pdi twong ma bao cao nay cha yéu hudng
dén 1a nhirng gido vién trung hoc chua tirng, hodc c6 rat it kinh nghiém
trong viéc giang day mon Toan bang tiéng Anh. Do vay, béo cao chi tap
trung vao nhitng kinh nghiém rat co ban.

1. M& dau

Viéc giang day ban than no da 1a mot nghé thuat. Mot ngudi thay day gioi
khéng nhirng can cd trinh do kién thirc chuyén mén gioi ma con can mot
phuong phap truyén dat, giang day tot, hop ly, hap dan dé co thé truyén tai
nhiéu nhat lwong kién thuc téi hoc sinh va gitp hoc sinh nhan dwoc nhiéu
nhat kién thire c6 thé. DBé thuc hién duoc diéu nay, da s6 cac thay cd phai
trai qua mot thoi gian dung 16p dé tim ra cho minh mot phuong phap, phong

50



cach giang day phd hop nhat cho riéng minh. Tuy mdi thay c¢6 c6 mot
phuong phap giang day riéng nhung déu phai tuan theo mot sé nguyén tac
co ban trong viéc soan va trinh bay bai giang. Giang day bang tiéng Anh
cling twong ty nhu vay. Dé thuc hién duoc cac thay cd ciing can phai nim
mot s6 Nguyén tic co ban rdi tir d6 phat trién riéng cho minh mét phuong
phéap phl hop nhat d6i vai ban than. Vi vay, bao cao nay trinh bay mot sb
kinh nghiém, nguyén tac trong viéc soan va trinh bay bai giang bang tiéng
Anh.

Cac kinh nghiém trong bao céo sé& dugc trinh bay thanh ba phan. Phan dau
lién quan dén viéc soan gi4o an. Phan tha hai trinh bay mot sé nguyén tic co
ban va cac kinh nghiém ca nhan trong viéc trinh bay bai giang trén lop.

Phan nay s& trinh bay cac budc co ban can thuc hién trong mot bai giang va
s& cung cap cho cac thay cd cac cau trdc ngdn ngit va cac vi du dé gilp cac
thay c6 c6 thé tu tin giang bai bang tiéng Anh trén 16p. Cudi cing, béo céo
s& trinh bay mot s6 kinh nghiém chia sé ndi chung trong cong viéc giang
day Toan bang tiéng Anh,

2. Thiét ké va chuan bi bai giang

Thiét ké bai giang la khau rat quan trong trong giang day. Khi giang day
mon Toan bang tiéng Viét thi chwong trinh mdn hoc da duoc chuan hoa va
C4C gi&o vién s& day theo chuong trinh chuan héa nay. Tuy nhién, viéc giang
day Toan bang tiéng Anh hién nay méi chi duoc thuc hién thi diém tai mot
s6 truong, nén mot chuong trinh chuan hién tai chua duoc xay dung. Do d6,
C&C gido Vién hién nay c6 xu hudng la chon mot chuong trinh giang day cua
mot truong nao do da giang day mén Toén bang tiéng Anh dé dung lam
chuong trinh giang day cho 16p caa minh. Viéc lam nay n6i chung la kha
thuan loi va dé dang vi cac chuong trinh giang day Toan cua cac trudng
nudc ngoai dd duoc xay dung va chinh sira trong thoi gian dai nén kha 1a
day du va tét. Tuy nhién, véi myc tiéu 1a dua viéc giang day bang tiéng Anh
vao mon Toan dé hoc sinh vira phat trién duoc ngoai ngi lai vira dam bao
dugc chuong trinh mén hoc theo chuan cua quéc gia, bai vi hoc sinh van
phai thi tot nghiép va thi dai hoc theo chuong trinh cua Viét Nam, cac thay
co s& phai soan bai giang caa minh véi noi dung khdng khac nhiéu so voi

o1



chuong trinh dang giang day ma van phai dua vao duoc vin dé ngbn ngit va
rén cho hoc sinh tu duy theo kiéu Anh/My. Viéc lam nay s& la rat kho khan
cho nhitng thay cd méi 1am quen vai viéc giang day nay. Tuy nhién, dé soan
dugc mot bai giang du tdt thi khong phai 1a mot viéc khdng thé thuc hién
duogc néu céc thay o thuc hién cac cong viéc can thiét.

Viéc day hoc Toan bang tiéng Anh hién nay ¢ nhiéu mirc do va hinh thic
khac nhau. C6 thé néi Ia c6 ba hinh thirc dang dwoc van dung cha yéu hién

nay:
Hinh | Mac do Muc tiéu day | Yéu cau vé | Hoat dong
thac hoc tiéng Anh giang day
1 Day  Toan | Muc tiéu giup | Tap trung vao | Boc, dich, cac
bang  tiéng | gido vién va | viéc 1am quen | hoat dong nham
Anh dudi | hoc sinh cung | v6i cac thuat | ghi nhé  thuat
hinh  thac | tiép can voi | ngt va ciu | ngir va cau tric
Cau Lac Bo. | viéc sir dung | tric cau hay | cau.
tiéng  Anh | s dung trong
trong  moén | todn hoc co
Toéan. ban.
2 Day Toan | Giup hoc sinh | Cac thuat ngir | Poc, dich,
bing  tiéng | doc hiéu va |va cau trdc | théng ké thuat
Anh dap ung | sir dung ding | cau theo | ngir va cau tric
nhu ciau hoc | thuat  ngit | chuyén dé cua | cau theo chuyén
sinh thi | todn  trong | toan hoc phd | && ¢ muc do
chirng chi | tiéng anh dé | théng.  DOI | cao.
SAT ctia My. | giai dé chinh | hoi dich va
X4C nhat. hicu  nghia
chinh Xac

trong cac ngir
canh.
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3 Day
bang

Toén
tiéng

Anh nhu mot
mon hoc.

Gi&o vién va
hoc sinh cung
sir dung ngén
ngit  tiéng
Anh d trao
d6i va chiém

Gi&o vién va
hoc sinh phai
c60 kha nang
giao tiép bang
tiéng Anh va
trinh  bay vy

Cau tric bai
giang nhu mot
gio0 day toan
tiéng viet, két
hop Vvéi céac
hoat dong nham

cung ¢6 ngdn
ngit va kién
thuc.

kién  bang
tiéng Anh.

Iinh tri thkc
Toan hoc
dam bao hiéu
ding va dat
y8u cau cua

BGD Vé noi
dung  khoa
hoc.

Sau ddy 1a cac buéc tham khao dé soan bai giang thudc hinh thuc thir ba
trong bang trén.

Buwéc 1: Tim doc noi dung bai giang twong tu bang tiéng Anh dé loc ra cac
thuat ngir chinh, ciu trlc cau chinh thuong hay sir dung trong noi dung do.

O day, tai lidu tét nhat dé tham khao la cac gido trinh chuan caa cac nuéc
Anh, My, Uc, Singapore. Cac gido trinh ndy s& cung cap cac thuat ngir
chuan va cac dinh nghia chuan vé mit tiéng Anh dé dua vao giang day.

Buwéc 2: Két hop noi dung cia SGK tiéng Viét va tai liéu tiéng Anh dé bién
soan tai liéu giang day.

Véi yéu cau hoc sinh phai dam bao cac kién thic mdn hoc dé tham du duoc
cac Ki thi trong nudc nén ngudi day phai mat nhiéu cdng sirc hon trong viéc
t6 chirc cac hoat dong hop ly nham gitp hoc sinh ghi nhé va sir dung duoc
thuat ngir bang tiéng Anh va 1am quen dugc cac dang bai tap trong cac ki
thi ciia Viét Nam. Séach tiéng Anh cung cip thuat ngir, cau truc tiéng Anh
chuan. Séch tiéng Viét cung cap hé théng bai tap nham dap ang nhu cau thi
ctr. Két qua cua viéc soan bai la cac san pham nhu sau (mot s6 hoic tat ca
tdy vao tinh chat bai hoc: Iy thuyét, luyén tap, thuc hanh...)
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. Hé théng thuat ngir va cau tric cau si dung trong bai
hoc.

ii. Hé thong bai tap doc hiéu, dién khuyét cac doan vin
bang tiéng Anh.

iii.  Giao an theo cac budc Ién Iép va thoi gian cho moi
budc I1én 16p. Trong d6 can phai dua ra duoc cac hé
théng 1y thuyét chuan vé ngbn ngit lay tir cac gido
trinh chuan. Bén canh d6 1a hé théng céc cau hoi dé
dan dat ngudi hoc chiém linh tri thic méi.

iv. Hé thdng bai tap dang co ban dé van dung céc kién
thirc nén tang caa bai hoc.

V. Hé thdng bai tap nang cao dap ung viéc thi cir.

vi.  Heé thdng tro choi kiém tra va cung cb ngdn ng.

vii.  Giao nhiém vu cho bai hoc ké tiép.

Mot sb bai soan giang mau theo cac hinh thirc day hoc khéc nhau céc thay
cd c6 thé xem trong tai liéu tap huan.

3. Giang bai trén I&p va van dé ngdn ngir

Nhirng kinh nghiém trong phan nay s& gidp céac thay cd c6 mot bai giang
trén 16p bang tiéng Anh du tt. T4t nhién, trudc khi 1én buc giang thi cac
thay c6 da phai nam rd noi dung ma minh sap giang day va da biét duoc tat
ca cac thuat ngir chuyén mon bang tiéng Anh trong bai giang. Do d6 phan
nay s& tap trung vao cac kinh nghiém lién quan dén cau tric, trinh ty bai
giang va dua ra cac cach trinh bay bang tiéng Anh tuong @ng.

Mot bai giang tt s& phu thudc vao mot sé yéu té nhu 1a ndi dung caa bai
giang, cach dién dat va tdm ly cua gio vién. Sau khi d& chuan bi noi dung
bai giang tot, ching ta phai biét cach truyén dat bai giang d6 mot cach co
hiéu qua nhat. Viéc nay phu thugc kha nhiéu vao tam ly caa chdng ta khi
dung trén buc giang. Néu chi giang day bang tiéng Viét thi van dé tam Iy
khéng phai 1a mot van dé 16n ddi vai céc thay ¢, la cac gido vién co rat
nhiéu kinh nghiém dung trén byuc giang. Tuy nhién, viéc giang day bang
tiéng Anh lai 1a mot van dé khac. V&i nhitng gi4o vién tré ma khong duoc
dao tao va lam viéc & nude ngoai thi chac chin s& khdng du tu tin voi phét
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am tiéng Anh ctiia minh, diéu nay dan dén su mat tu tin khi dang trén buc
giang. DPdi voi cac thay co da co tuoi thi van dé ngén ngir lai cang tre nén
kho khin hon. Ngay ban than nhitng thay cd mac du dugc dao tao tai nuéc
ngoai nhung nhirng ngay dau duang trén buc giang ciing khong tu tin lam vé
kha ning noi tiéng Anh cia minh. Nhung diéu nay hoan toan cé thé duoc
khac phuc néu ching ta thuc hién mot s6 viéc sau (dua trén mot sb kinh
nghiém ca nhan). Thir nhat 1a phai chuan bi bai giang that k¥, thuc hanh
céch trinh bay nhitng cau bang tiéng Anh lién quan dén bai giang trudc. Dya
vao cac bai giang video mau cua gio vién nudc ngoai twong tu nhur bai
giang cua chlng ta, ching ta c6 thé stra lai cach phat &m mot sé tir theo
chuan cua My. Khi d4 chuan bi ki budc nay, ldc giang bai ching ta ban dau
hay ndi cham va ranh mach. Khéng nén giang bai nhanh qué vi khi d6 hoc
sinh c6 thé s& khdng hiéu mot sb thuat ngir chuyén mon bang tiéng Anh.
Giai thich can k& cac khai niém va ban dau nén ding cc cau trdc ngir phéap
va tir ngir don gian. Céch giang bai cham nay s& gilp hoc sinh hiéu bai va
nam duoc cac tir méi chuyén mon dé hon, do d6 s& ¢d hiéu qua hon.

Phan tiép theo s& trinh bay céc kinh nghiém noi tiéng Anh trong mot bai
giang. Trinh ty cua mot bai giang c6 thé duoc chia ra theo thir ty nhu sau:

- Gi4o vién vao lop, 6n dinh I6p.
- Gidi thiéu bai hoc, ciu trdc bai hoc.
- i vao cac phan va cac hoat dong chi tiét.

- Tong két lai bai hoc, giao bai tap va théng bao vé noi dung bai hoc
tiép theo.

Sau khi 6n dinh 16p, céc thay cd s& gidi thiéu noi dung cua bai hoc hdm do.
Véi phan gioi thiéu noi dung chinh caa bai hoc, cac thay ¢ cd thé dung céc
cau vi du nhu sau:

- Today, we are going to study ...
- Our topic today is ...

- What | want to talk about today is ...
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- We are going to discuss ...
- Today | am going to focus on ...
- Today, | want to give you some background on ........

Tiép dén cac thay cd s& gidi thiéu cau trlc caa bai hoc, cac thay cd cd thé
dung cac cach dién dat sau:

- First we’ll look at ... and then we’ll look at ...

- I’mgoing to cover ... and then ...

- We’ll discuss a few examples of/types of ...
Vidul

Good morning. It’s nice to see you all. It looks like you are ready for the
lesson, so let’s get started. In today’s lesson, I’ll be talking about one of the
special sequence called geometric progression. First, we’ll look at some
examples about G.P which is the short for geometric progression, then we’ll
learn about properties of G.P, and finally we’ll solve some real-life
problems relating to G.P.

Vidu?2

Hi everyone. Please take your seats so we can get started. Great. Intoday’s
lesson, we are going to look at some rules in trigonometric functions. More
specifically, we’ll be looking at the cosine rule and the sine rule. In the first
half of the lesson, we will prove these two rules and then we will use these
rules to solve some problems in the second half. Now, to help understand
the proofs of these two rules, | want to review some important properties of
the trig functions.

Vidu3

Hi there, everyone. It’s ten o’clock, so let’s go ahead and get started. What |
want to talk about this morning is the parametric equation of line. Now, why
do I want to talk about the parametric equation of line? Well, for some
complicated curves, it is not easy to find their Cartesian equations. To
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overcome this difficulty, luckily we could express the variables, says, x and
y, as functions of some parameters. In this way, the curve is said to be
defined parametrically. Alright, the lesson consists of three parts. First, we
will .... Second, we will .... And finally we will....

Vidu4

Greetings everyone. This morning we have an interesting topic. We’re going
to discuss the derivative of trig functions. That’s right, ... how to find the
derivative of trig function and how to apply it to the problems. Are you
ready? All right. First, we’ll look at a couple of examples and then we’ll go
into the detail of ...

Sau khi d3 gigi thiéu noi dung va cu triic caa mon hoc, cac thay co sé di
vao giang bai va thuc hién cac noi dung va hoat dong chi tiét. Trong phan
nay, cac thay co s& phai duing rat nhiéu céc thuat ngir, cau trdc tiéng Anh
trong toan hoc. Bé dién dat duoc cac ciu tric toan hoc bang tiéng Anh, cac
thay c6 nén xem ki phan Mathematical English trong tai liéu tap huan.
Phan tiép theo sau day s& trinh bay mot s6 cau triic cau hay dung dé két ndi
cac phan nho trong phan noi dung bai giang.

Sau khi d3 gigi thiéu cau tric bai giang, cac thay c6 bat dau di vao phan dau
tién cua bai giang bang cach dién dat vi du nhu sau:

- First let’s look at ...
- Let me start with ...

Sau d6 cac thay co di vao phan noi dung cia phan dau tién d6. Sau khi hét
y/phan thtr nhat, cac thay cd chuyén tiép sang phan tiép theo bang cach co
thé noi:

- Next, let’s talk about ...
- Now let’s move onto ...

- Now, we are ready for (able to) ....
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- With what we have discussed, we now have all necessary
information to solve ...

- Now that we’ve talked about , let’s talk about ...
- That’s enough about .Let’sgoonto ...
Vi du

Now, let me start with an interesting example about the interest paid by the
bank into fix deposit accounts. The example is . To solve this
problem, we must use formula of the general term of a geometric
progression. So, let’s go on to the first section which is about the definition
of G.P.

Khi mudn dinh nghia mot dai lugng nao do, cac thay cd cd thé noi:
- Thatis, ...
- Inother words ...
- X, meaning ...
- By X, I mean ...
- What do I mean by X? Well, | mean ...
- Let me define that: ...
- The definition of that is ...

Khi can giai thich mot van dé hay mot thuat ngir méi ma cac thay co dua ra,
c4c thay co c6 thé dung

- Let meexplain ...

What | mean is ...

Let me show you what | mean ...

Let’s look at how this works ...
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Vi du

Today, we are going to explore one of the applications of differentiation in
the max-min problems. In this type of problem, we’ll look specifically at the
end points and the critical points of the function. Let me explain what |
mean by critical points. By critical points, | mean the undefined points and
the stationary points — the points at which the derivative of the function
equals zero.

Trong bai giang, khi dua ra mot két qua hay y kién nao do, cac thay co doi
khi phai dua ra nhitng 1ap luan hay ly do caa minh, hay don gian la bao vé y
Kién d6. Cac thay cb c6 thé noi:

Let me tell you why ...
- Let me give you an example ...
- Thereasonis ...

- This is because ...

| think ...
Khi dwa ra mot vi du, chling ta c6 thé dién dat boi
- For example, ...
- Here are some examples: ...
- Take X, for example...
- For instance, ...
- ..,suchas, ...
- Let me give you an example ...

Vi du
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There are some types of sequence that are useful and are used frequently in
life, such as the arithmetic sequence, or geometric sequence. In the next
lesson, we will study these two kinds of sequence.

Khi dat tén cho mot bién nao d6, ching ta hay dung cau tric: Let ...
be/denote....

- Let x be the distance from A to B.
- Let y denote the price of product X,

Khi phat biéu mot dinh luat (law), dinh ly (theorem) chiing ta hay ding cau
tric str dung dong tur states (phét biéu), vi du nhu:

- Leta, b, and c be the length of the legs of a triangle opposite angles
A, B, and C. Then the law of cosine states that

a’=h%*+c’*-2bccos A
b? = a% + ¢®> — 2ac cos B
c2=a?+b*-2abcos C.

- The Pythagorean Theorem states that for a right triangle with
legs a, b, and hypotenuse c,

a’+b*=¢?.

Khi diéu hanh thao luan nhém, céc thay ¢ cd thé st dung cac cau sau:

Is everybody ready to start?

Let’s start with question number 1.

- Nam, do you want to begin?

- Hung, what do you think about that?
- Has everyone had a chance to speak?

- Any other comments?
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Thanks, everyone. Good discussion.

Trong luc diéu hanh thao luan trong I5p, khi mudn dua y kién cua minh, cac
thay ¢6 c6 thé sir dung:

In my opinion, ...

| think/feel ...

I noticed that ...

I think it was interesting that ...

... is really important because ...

Pé tong két lai mot phan hoac toan bo bai, cac thay co ¢ thé ding

So we have learned ...
Let’s wrap up what we have studied today...
Well, I have talked everything about ...

Ok, 1 gave/explained you two examples with the solutions, now let’s
take a look at them again and point out the important facts.

Sau khi két thiic bai giang, ching ta nén théng bao cho hoc sinh biét vé noi
dung bai ké tiép dé cac em cd thé chuan bi truéc. Cac thay co c6 thé dung

Ok, that’s all for today. Tomorrow, we will come back to this
problem.

Well, we have finished Chapter 3 today. In the next lesson, we will
have a test for this chapter and we will move on to the Chapter 4 —
Integration.

Mot s6 cha y thém
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Trong bubi dau tién gisi thiéu mén hoc, hoac khi cac thay cd day mot topic
cho mot I16p mai thi cac thay c6 o thé théng bao trude véi ca 1op Vé viéc
lieu c6 thé hoc sinh ngat 1oi cac thay co dé dat cau hoi hoic yéu cau giang
k¥ hon phan cac em chua hiéu hay khong. Pay 1a diéu ma nhitng nguoi
thuyét trinh trugec mot sé lugng 16n khan gia hay 1am. Cac thay co c6 thé
quy udc:

- During the lecture/talk/presentation, you can interrupt me when there
is anything you don’t understand by making a small hand gesture or
raising your hand. I am very willing to answer you questions.

- I 'would like to finish my lecture/talk/presentation first, so all the
questions or comments are welcome at the end of the lecture.

Trong qua trinh giang bai, mot trong nhitng diéu quan trong Ia quan sat xem
cac em hoc sinh c6 hiéu bai hay khéng. Néu ¢ mot van dé cac thay co dang
giang ma c6 vé cac em khong hiéu, cac thay cd cd thé dung lai va hoi “Do
you get it?” hoic “Got it?”, hay 13 “Do you get the point?”. Khi hét mot
phan ndo quan trong trong bai giang, cac thay co ciing c6 thé tam dimg dé
xem c4c em hoc sinh ¢6 cau hoi nao khong. Khi d6 cac thay c6 don gian 1a
dung lai va hoi “Any questions?” hodc don gian la “Questions?”.

Khi hoc sinh dit cau hoi hoic trao ddi vai gido vién, néu cau hoi l1a dai hoic
cac em kho dién dat bang tiéng Anh nén ndi cham, céc thay cd cd thé
khuyén khich céc em tiép tuc bang cach néi nhitng tir nhu “Uh huh”,
“Hmm?”, “Ok”, “I see”. Néu chua hiéu cac cau hoi cua cac em thi cd thé hoi
“Could you repeat that?”.

Trudc khi tra loi cau hoi ching ta nén n6i “That’s a good question!” hoac “I
get your point.”. Viéc lam nay sé& khién hoc sinh thiy cau hoi cia minh
dugc ton trong va s& khuyén khich cac em hoi thém.

Khi cac thay c6 dit cau hoi cho cac em va cac em dua ra cau tra loi, hodc
khi cac em dua ra cac nhan xét lién quan dén ndi dung mén hoc, néu dong y
VGi cau tra 1oi cua cac em thi ching ta cd thé néi “1 agree with you.” hay
“That’s a good point”, hay la “You’re right.”. Néu khong déng y vai cau tra
loi thi chiing ta c6 thé n6i “I don’t agree with that ...”, hoac Ia “I disagree
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with you.”, hay “I have a different idea/point of view/answer.” va trinh bay
y kién caa minh.

Déi khi, chiing ta s& phai sir dung nhitng tir dém vao cac cau dién dat o trén
I6p (small words or interjection) dé 1am cham lai tbc do truyén dat véi muc
dich 1am cho hoc sinh chi y t&i vin dé méi sap trinh bay. Vi du nhu:

Well, ... I’d like to say something here.

- Um, ... can | add something to that?

So, ... could I say something here?

Alright, ... let’s go to the next problem.

4. Mot so kinh nghiém chia sé khac

- Mot trong nhitng van hoa cua viéc hoc tai My ma chlng ta nén hoc
tap do 1a su giao tiép giira gido vién va hoc sinh. Khac véi cach day
truyén thong mét chiéu xay ra trong rat nhiéu I6p hoc & Viét Nam,
chiing ta nén t6 chirc 16p hoc mot cach mé va binh dang hon. Chiing
ta cO thé thong nhét véi hoc sinh 1a cd thé ngat 1oi gido vién dé hoi
bat ctr nhirng van dé gi chua hiéu hoac 1a hoi sau mdi tiét. Toi thi
thich cach dau tién hon vi toi so khi hoc sinh khéng hiéu mot van dé
g1 hodc khdng hiéu mot thuat ngit gi thi s& lam anh hudng dén toan
bo bai giang. Vi vy tdi cho phép hoc sinh ngat 1oi tdi va hoi cac van
dé. Viéc nay tat nhién ¢ anh huong dén bai giang nhung lgi ich cua
né quan trong hon: hoc sinh hao hung véi bai giang va khdng khi
trong I6p hoc sdi ndi va khuyén khich hoc sinh giao tiép véi thay
gi4o nhiéu hon.

- Khéac véi cac mon hoc khac, trong gio day ly thuyét mdn Toan, phan
tring va bang den van la sy hra chon tt nhat. Hoc sinh s& chi hiéu
duogc nhitng van dé kho trong ly thuyét Toan bang cach théng qua
cac bién doi toan hoc duoc trinh bay ting budc trén bang va khi viét
chiing vao vo. Véi nhitng van dé quan trong va kho, doi khi viéc
giang bang tiéng Viét ciing khdng phai dé dang dé gilp cac em hiéu
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dugc mau chét van dé, chir khdng néi gi dén viéc giang bang tiéng
Anh. Do vay, néu can thiét cac thay c6 nén chuyén sang giang bang
tiéng Viét nhirng phan nay. Cac thay co dirng do dy 1am viéc nay,
nhat I khi giang bai ma quan sat thdy da s6 hoc sinh cua 1op ¢6 vé
chua ndm duoc van dé dang duoc giang, boi vi suy cho clng thi
ching ta vin dat muc tiéu giang day noi dung Toan 1a quan trong
nht.

Pé mot thay ¢ bat dau thuc hién giang bai bang tiéng Anh dat dugc
chat lugng du tét thi thay co do6 phai trai qua viéc soan bai va thuc
hién giang day it nhat Ia mot nam lién tuc. Do do, trong nim dau
tién, cac thay cd s& cam thiy mot ganh nang tam ly va céc thay cd
phai nd lyc luyén tap nhiéu. Ap luc dé s& 1a nhu nhau d6i véi mdi
mot bai hoc mai. Tuy nhién, khi giang lai bai hoc d6 1an thir hai,
hoac 1an thir ba sau d6 mot thoi gian, cac thay cd s& thay nd tro nén
dé dang hon rat nhiéu. Va sau mot s6 1an, cac thay co s& thay minh
c6 thé giang bai d6 mot cach ty nhién gan nhu 1a giang bai bang
tiéng Viét.

Céc budc giang bai bang tiéng Anh (cho gio day Iy thuyét)

Buwéc 1: Gioi thiéu thuat ngir bang tiéng Anh trong bai hoc va ciu
trlic tiéng anh thuong duoc st dung théng qua hinh anh va doan van
ban bang tiéng Anh vé vin & lién quan dén bai hoc, phan nay
thudng nén cho 1am viéc nhom 2 ngudi dé nguoi hoc hd tro nhau va
tiét kiém thoi gian. Viéc 1am nay sé& giup ngudi hoc ghi nhé 1au hon
S0 Véi viéc ta gioi thiu thuat ngir va nghia bang tiéng viét ngay khi
bat dau bai hoc.

Buwéc 2: Gigi thiéu cac khai niém va tinh chat toan hoc. Viéc nay
nén kép hop véi hinh anh nhiéu nhat cé thé dé ngudi hoc cd thé
hiéu van d& ma khong can phai dich ra tiéng Viét. Néu kha ning
ngudi hoc chua thé thanh thao ngdn ngir thi ngudi day nén tra trong
vao hé théng cau hoi dan dit dé ngudi hoc tra loi va tim ra duoc cau
tra 1oi. Qua viéc dat cau hoi nguoi hoc ciing s& c6 diém twa dé dwa ra
cau tra loi va qua do nguoi hoc hoc ca cach dat cau hoi.
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Buwoc 3: Dua ra cac bai tap co ban vé viéc xac dinh cac ddi tuong
trong dinh nghia, tinh chat, chwa doi hoi phai 1ap luan nhiéu. Yéu
cau nguoi hoc dua ra dap an bang cac cau tra 1oi day da.

Buwéc 4: Pua ra cac bai tap nang cao dan theo yéu kién thirc cua viéc
kiém tra va thi ctr. Bat dau bang cac phiéu tra 1oi dién khuyét dé
ngudi hoc 1am quen vai cach viét ngon ngir.

Buwéc 5: Giao bai tap vé nha va nhiém vu cua budi hoc sau.

Trong thyc té, ngudi day can linh hoat tly vao kha ning ngon ngir
cua hoc sinh va cua chinh nguoi day dé c6 su phd hop, khéng gay ra
tinh trang nham chéan.

5. Két luin

NG6i chung thi viéc giang bai bang tiéng Anh ciing khong c6 gi khéc biét
may so Véi cach ma chung ta dang giang bai bang tiéng Viét. Chlng ta chi
can thay d6i va luyén tap mot chat 1a hoan toan cd thé giang bai tét dap ang
duogc cac yéu cau hién nay. Chung tdi hy vong nhitng kinh nghiém ca nhan
duoc trinh bay ¢ trong béo céo nay sé gitp ich duoc cho céc thay cd.

Phu luc

Trong mét gio giang day bang tiéng Anh, thong thuong s& phai trai qua cac
hoat dong nhu yéu cau moi viéc trén 16p, dat cau hoi, bat dau / két thic bai
hoc, thuc hién cac hoat dong trong sach gido khoa va trén bang, diéu khién
I6p hoc, dong vién va khuyén khich hoc sinh. Véi mbi hoat dong cé thé
diing rat nhiéu mau cau khac nhau, linh hoat, tdy tinh hudng.

Vi du nhu cdu ménh Iénh:
- Close your books.

- You say it, Mai.

- Answer it, somebody.
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- Don't be quiet now.
- Just sit down and be giuet.
- | want you to try exercise 1.

Y&u cau (twong tu cAu ménh lénh nhung dung ngir diéu thap hon):
- Come here, please.

- Would you like to write on the board?

- Can/Could you say it again?

- Do you mind repeating what you said?

Goi y va thuyét phuc (Suggesting and persuading):
- Let's start now.

- What about if we translate these sentences?

- You can leave question 1 out.

- There is no need to translate everything.

Cau hoi (Questions):

- Do you agree with A?
- Can you all see?

- Are you sure?

- Do you really think so?

Bt dau bai hoc (Beginning of the lesson):

- Hurry up so that | can start the lesson.

- Is everybody ready to start?

- 1 think we can start now.

- I'm waiting for you to be quiet.

- What's the day today / What day is it today?

Két thuc bai hoc (End of lesson):

- It's almost time to stop.

- I make it almost time. We'll have to stop here.

- All right, that's all for day.

- We'll finish this next time.

- We'll continue working on this chapter next time.
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- Please re-read this lesson for Monday's.

- You were supposed to do this exercise for homework.
- There will bw a test on this next Monday.

- Remember your homework.

- See you again on Monday.

- Up you get.

- Off / out you go.

Khi gido vién gay ra sai sot trong 16p hoc hoac c6 viéc ban phai ra ngoai, cé
thé xin 18i hoc sinh bang céch:

- Mind out of the way.

- Could | get past?

- I'll be back in the moment/

- Would you excuse me for a while?

- I'm sorry, | didn't notice it.

- I've made a mistake on the board.

Canh béo hoc sinh khi cac em gap sai lam (tra 19i sai, thiéu tén trong giao
Vién):

- Be careful / Look out / Watch out.

- Mind / watch the step.

- You will be in detention next week.

- I'll send you to see the headmaster .

Hoat dong trong sach giao khoa:

- Give out the books, please.

- Open your books at page 10.

- Turn to page 10, please.

- Has everybody got a book? / Does everybody have a book?
- Books put (out with you books) / Books away (away with your books).
- Take out books and open them at page 10.

- Look at exercise 1 on page 10.

- Turn back to the page 10.

- Have a look at the dialog on page 10.

- Stop working now.
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- Put your pens down.
- Let's read the text aloud.
- Do you understand everything?

Lam viéc nhém:

- Work in twos / pairs.

- Work together with your friend.

- 1 want you go form groups. 4 pupils in each group.
- Get into groups of 4.

- Discuss it with your neighbor.

Lam viéc trén bang:

- Come out to board, please.

- Come out and write the word on the board.

- Take a piece of chalk and write the sentence out.
- Are these sentences on the board right?

- Anything wrong with sentence one?

- Everyone, look at the board, please.

Trén day 1a mot s6 cau hoc sinh thuong ding trong gio hoc, cac thay cd
tham khao thém.

Excuse me. May | come in?

- Can you help me do this exercise?

- Could you speak more slowly, please?

- Can you lend me a pen?

- Can you repeat that please? | didn't understand.
- Have you done your homework?

- Sorry. | don't understand that.

- How do you say 'mesa’ in English?

- Sorry, | can't remember your name.
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How do you spell ‘table'?

Can | share your book with you?

What's the difference between 'do’ and 'did"?
Where's Angela today?

I'm sorry, I've left my book at home.

She's absent.

Excuse me. I'm sorry I'm late.

What page is it on?

Can | leave a bit early today, please?

Can you pass me that piece of paper, please?
Can you explain that again, please?

Do we have to work in pairs?

I didn't have time to do my homework. I'm sorry.
Who's going to start?

It's time to go.

Whose turn is it?

See you next lesson.

It's my turn now.

Have a nice weekend.

Sorry, can you say that again’!

The same to you. Bye.

Excuse me, that's my book.

Have you finished? What do we have to do now?
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The sine rule and the cosine rule
Teacher: Ta Ngoc Tri, B.Sc. (Maths), M.Sc.
(Maths), M.Sc. (Maths Edu.), Ph.D. (Maths)
Vocabulary

Sine rule, Cosine rule (Sine law, Cosine law; or The law
of sines, The law of cosines in American English);

Solving a triangle.
Prior Knowledge

Pupils should be confident in applying sine, cosine and tangent to
problems in right-angled triangles, as covered in the previous lessons.

Lesson Objective
The sine rule, The cosine rule;
Use the sine rule, the cosine rule to solve triangles;
Use the sine rule, the cosine rule to solve problems

Apply the sine and cosine rules in solving different kinds
of maths exercises.

Number(s) of 45-minute period: 2

Material: Geometry Grade 10 Textbook (pp. 46-60), Geometry Grade
10 Advanced Textbook (pp. 53-67), University Entrance Maths
Exams, Internet

Warming up

Let be given a right-angled (right) triangle ABC with A=90°. Denote
by a, b and c the respective sides opposite to angle A, B and C as
usual.

The trigonometric ratios of an angle are defined as
Sin A=? Tan A=?
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Cos A=?  Cot A=?
The Pythagoras' theorem is stated as a® =b® + ¢*

Let be given a triangle ABC (oblique). Denote by a, b and c the
lengths of three sides of A ABC, and by A, B and C the three interior
angles of A ABC corresponding to a, b, and c, respectively. We have

B
G
a
A
b
C

Starter 1

Illustrate what is in effect the sine rule, from a specific example. Draw
the triangle on the board. Ask pupils for ideas on how they might find
the length of side b.

Start by asking why we cannot use sin, cos or tan in this case. (They
can only be used in right-angled triangles.) Then suggest pupils
consider what happens if we ‘make’ a right-angled triangle by
dropping a perpendicular from vertex C. Now can pupils see how they
might find the length of line AC?
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Eventually this should lead to the appreciation that b sin 50 = 5 sin 65

and, therefore, that ,b = ,5 )
sin 65 sin 50

Point out that the equal ratios are the lengths of the sides multiplied by
the sines of the opposite angles. Is this always true? Investigate by
forming a general triangle and thus deriving the sine rule.

Handout 1 (proof for the sine rule)

The circumcircle is a triangle’s circumscribed circle, the unique circle
that passes through each of the triangle’s three vertices. The centre O
of the circumcircle is called the circumcentre, and the circle’s radius R
is called the circumradius. The complete sine rule is given by:

a_b:c:2R

sin A B sin B sinC

It can be proved as follows. Let O be the centre of the circumcircle of
triangle ABC and let M be the midpoint of BC.

A

LN

Then ZMOC = 2 ZBOC = 1(24£BAC) = ZBAC.

B

MC _ 2 andso -2
R sin A

Therefore, sin A = = 2R. The complete sine rule

then follows. B

Handout
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Given a triangle ABC.

Then, we have the cosine rule as follows
a’=b?+c?-2bccos A
b?=a®+ ¢’ - 2ac cos B
c’=a’+b*-2abcosC

Proof. Consider the following triangle:

50°
B X D (a—x) C

By Pythagoras’ theorem we have h? = ¢ - x* and h? = b? — (a - x)*.

Solving simultaneously we obtain ¢ — x* = b - (a - x)? = b* - a® +
2ax — X°.,

Therefore ¢® = b? — a2 + 2ax.

But x = ¢ cos B and so ¢® = b® — a® + 2ac cos B, or b?> = a® + ¢ - 2ac
cos B.

From the symmetry of the triangle we can therefore deduce the three
standard forms of the cosine rule:

a’=h%*+c®*-2bccos A

b? = a% + ¢®> - 2ac cos B
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c2=a?+b%*-2abcos C

Summary of activities

Teacher

Student

Warm up (see above)

Starter 1 (see above)

Introduce the sine rule to students

Explain and prove the rule

Introduce the cosine rule to students

(Starter 2, in a handout)

Sketch some points about how to

prove the rule

Discuss with teachers

Do with the teacher

Write the rule sine in the
notebook

Work out the poof for the sine
rule with the teacher

Werite the rule cosine in the
notebook

Note the ideas to prepare to
work out the proof home

! Hanoi University of Technology
2 International Mathematical Olympiads
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Provide students with Worksheet
1(to solve triangles)

Provide students with Worksheet 2
(to solve problem with the
application of the cosine rule, one
question in HUT! maths exam
2000).

Give out the answer for the exercise
in Worksheet 2 (in a separate paper)

Worksheet 3 (to solve problem with
the application of the cosine rule,
Problem 4 IMO? 1979).

Summarise the lesson and provide
students with homework

Work out the solutions and
discuss with the teacher

Work out the solutions and
discuss with the teacher

Discuss the problem with
friends and the teacher

Worksheet 1
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Sine and Cosine Rule Questions

In any triangle ABC
Area of triangle = 1.absin C

a _ b _ ¢
Sierle - = @B mC A

Cosine rle &2 = 52+ 2 -2bc cos A

1. ABC is atriangle. AC =19 cm, BC =17 cm and angle BAC = 60°

B

Not to scale

17 cm

60°
C
A 19 cm

Calculate the size of angle ABC.

2. PQR is a triangle. PR =23 cm, PQ =22 cm and angle QPR = 48°

Q

Not to scale

P 23 cm R
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Calculate the length of QR.

Give your answer to an appropriate degree of accuracy.

Worksheet 2:
Exercise (Question VI in HUT entrance Maths exam 1995)

Let be given an equilateral triangle ABC with its circumcircle
centered at O. Take a point M on the small chord AB. Given MA=1,
MB=2. Calculate MC=?

Solution.

Remark that angle Z~AMB=120°. Using the cosine rule for the triangle
AMB we have

AB’= MA? + MB? -2 MA MB cos ZAMB
=1%2+2% -2.1.2.cos 120°
=7.

Denote MC=x, x>0. Obviously, ZAMC= 120° the cosine rule once
more time for the triangle AMC we get

AC*= MA? + MC? -2 MA MC cos ZAMC. Then,
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7= 1% + x* -2.1.x. cos 60°.

Or, x*- x-6= 0 and we get x=MC=3 since x>0.

Worksheet 3

Exercise (Problem 4, IMO1979)

Given a plane [1, a point P in the plane and a point Q not in the plane,
find all points R in [ such that the ratio (QP + PR)/QR is a maximum.

Solution

Consider the points R on a circle center P. Let X be the foot of the
perpendicular from Q to [I. Assume P is distinct from X, then we
minimise QR (and hence maximise (QP + PR)/QR) for points R on the
circle by taking R on the line PX. Moreover, R must lie on the same
side of P as X. Hence if we allow R to vary over k, the points
maximising (QP + PR)/QR must lie on the ray PX. Take S on the line
PX on the opposite side of P from X so that PS = PQ. Then for points
R on the ray PX we have (QP + PR)/QR = SR/QR = sin RQS/sin
QSR. But sin QSR is fixed for points on the ray, so we maximise the
ratio by taking angle RQS = 90. Thus there is a single point
maximising the ratio.

If P = X, then we still require angle RQS = 90, but R is no longer
restricted to a line, so it can be anywhere on a circle center P.

Homework

A. Do all exercises in Geometry Grade 10 textbook (pp. 59-60)
B. Work out the worksheet below
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1. Given an isosceles triangle ABC in which its side lengths a, b and c
satisfying

b*+c’-a®

b+c-a
Prove that ABC is an equilateral triangle.

2. Assume that AABC with sides of a, b and c satisfying a* +b* =c*.
Prove that AABC is acute.

3. A triangle ABC has lengths of its sides given by a=x*+ x+1, b=
2x+1 and c=x?-1. Prove that AABC has one interior angle of 120°.

4. Given AABC with CM as a median, ZACM=« , Z/BCM= . Prove
that

sinA_sina

sinB  sin Jij
b. Given «, 8. Calculate A, B and C.
5. Solve the triangle ABC knowing that a=1, b=2 and c=+/3.

6. Given AABC with lengths of sides as a, b and c; area S. Its
inscribed circle touches BC, CA and AB at A', B' and C', respectively.
Assume that AA'B'C' has lengths of sides as a', b’ and c'; area S'. Prove
that

a' b .C(. A . B
a. —+—=2sIin—| sin—+sin—
b 2 2 2

QD

b. S =2sin Asin Esin 9
S 2 2

7. A ruined tower is fenced off for safety reasons.
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To find the height of the tower Rashid stands at a point A and
measures the angle of elevation as 18°. He then walks 20 metres
directly towards the base of the tower to point B where the angle of
elevation is 31°.

Not drawn accurately

20m B

Calculate the height, h, of the tower.

8. ABCD is a quadrilateral.

AB =7 cm, AD =6 cm and BC =9 cm. Angle ABC = 75° and angle
ZADC =90°

v

p& Not drawn accurately

Calculate the perimeter of ABCD.
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9. In triangle ABC, AB=11cm, BC =9 cmand CA =10 cm.

C

10em Not to scale

9cm

11cm B

Find the area of triangle ABC.

10.Two ships, A and B, leave port at 13 00 hours.

Ship A travels at a constant speed of 18 km per hour on a bearing of
070°.

Ship B travels at a constant speed of 25 km per hour on a bearing of
152°.

Net drawn accurately

Calculate the distance between A and B at 14 00 hours.
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Trig Derivative

Teacher: Ta Ngoc Tri, B.Sc. (Maths),
M.Sc. (Maths), M.Sc. (Maths Edu.), Ph.D.

Vocabulary: Derivative, trigonometric functions: sine, cosine,
tangent and cotangent

1. Find the derivatives of four basic trigonometric functions
2. Differentiate functions which involve trigopnometric functions

3. Can use the chain, the product and Quotient rules when

using the trigonometric functions

Lesson Objectives

Number(s) of 45-minute period: 1

Materials: Algebra & Analysis Grade 11 Textbook (pp. 163-167),
University entrance maths exams, Internet.

Prior Knowledge
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A. Evaluate each of the following limits

litn and lim ﬁn{éx) . sinsinx . 1-cosx
1)e=0 68  2)x=0  x 3) lim 4) lim

x—0 X x—0 X

B. Given f(x)=x(x-1)(x-2)...(x-2013). Calcualte f(0)=?

ANSWERS
and 1,. and 1 1
11 = —lim = —{l): —
]_) f=0 G4 foesn g & &
in (6 Gainl 6 in (6
hm Slﬂ[ x) ='Iim Slﬂ( I:J =611m51ﬂ{ x:]
2) x=0 x =30 b 5= bx
rs0 8-56(0)=C
an{6x sin6x
limﬁzrﬁnlimL let 8= 6x
=1 x =0 Hx
_ 6lim 22L9)
=0 g
~ 6 (1)
=6
3) lim SINSIn X P Sln-Sln X SN X _ "msm_sm X Iimsm X —11=1.
x—0 X x=0 SN X X x>0 gINX x>0 X
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4)1imi=C%X _jim——2 Ly 2 :%.

x—0 X x—0 X 2 x>0 X

LESSON PLAN:

Introduction:

Basic trigonometric functions include sin(x), cos(x), tan(x) and cot x.
Knowledge of differentiation from first principles is required, along
with competence in the use of trigonometric identities and limits. All
functions involve the arbitrary variable x, with all differentiation
performed with respect to x. Knowing the derivatives of sin(x) and
cos(x), one can easily compute the derivatives of the other circular
trigonometric functions because they can all be expressed in terms of
sine or cosine; the quotient rule is then implemented to differentiate
this expression. Proofs of the derivatives of sin(x) and cos(x) are given
in the proofs section; the results are quoted in order to give proofs of
the derivatives of the other circular trigopnometric functions

Main content

We’ve gotten this set of limit examples out of the way let’s get back to
the main point of this section, differentiating trig functions.

We’ll start with finding the derivative of the sine function. To do this
we will need to use the definition of the derivative. It’s been a while
since we’ve had to use this, but sometimes there just isn’t anything we
can do about it. Here is the definition of the derivative for the sine
function.
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(sinx)' = lim sin(x+h)—sin x
h—0

Since we can’t just plug in % =0 to evaluate the limit we will need to
use the following trig formula on the first sine in the numerator.

sin ( x+4)=sin (x)cos (k) +cos( x)sin (%)

Doing this gives us,

2 h 'nh sinh
o sin(xahy—sinx | 2oos(x+)sino >
(Sinx)'=lim =lim =limoos(X+—)——==CcosX.
h—0 h—0 h h—0 2" h
2

Differentiating cosine may be done in a similar fashion. However you
may use the following trig formula cos x =sin(%— X), then differentiate

with the chain rule and the derivative of sine. Do it yourselves you
should get,

(cosx)'=-sinx

With these two out of the way the remaining four are fairly simple to
get. All the remaining four trig functions can be defined in terms of
sine and cosine and these definitions, along with appropriate
derivative rules, can be used to get their derivatives.

Let’s take a look at tangent. Tangent is defined as,




Now that we have the derivatives of sine and cosine all that we need
to do is use the quotient rule on this. Let’s do that.

(tan x)' = ( sin x ] _ (sinx)*(cos x) —z(sin x)(cos x)'
COS X 0 X

_cos’ x—sinx(-sinx) 1

- cos? X ~ cos? X

(Recall that cos” (%) +sin” (x)=1

The remaining three trig functions are also quotients involving sine
and/or cosine and so can be differentiated in a similar manner. We’ll
leave the details to you. Here are the derivatives of all four of the trig
functions.

Derivatives of the four trig functions:

(sinx)"=cos x
(cosx)'=-sinx

(tanx)'=—
COS” X

1
sin’ x

(cotx)'=—

Conclusion: PRACTICE (Use worksheet)

Differentiate each of the following functions.

a. sin® x +cos® x

1—cos? x
1+sinx

b.

X .
C. tan? x—cot35+sm X.CO0S 3X
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HOMEWORK

Algebra & Analysis Grade 11 Textbook: Read texts and do
all exercises (pp. 163-167);

Additional Worksheet below.

Additional Worksheet

a2
1. Given f(x)="*

,x =0 and f(0)=0. Calculate f'(0)=?

2. Let be given f(x)= log cos x

,x =0 and f(0)=0. Calculate f'(0)=?

. . sinx
3. Determine lim ——==?

X—>+0 X
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LESSON PLAN

EQUATION OF CIRCLE

Prepared by: Nguyen Dac Thang, Math Teacher of Hanoi —
Amsterdam High School

I. Lesson’s objectives.
At the end of the lesson, the students will be able to:

general form).

I1.Subject Matter
- Reference: Geometry for High-school Textbook.
- Materials: Sheets of paper, Protractor, Puzzles.

I11. Procedure

Prove the equation of a circle.
Find the equation of a circle with given conditions.
Solve problems involving circles.

Recognize the equation of a circle (the standard form and the

Time

Contents

Teacher and Students
activities

1. Introducing terms used in the lesson

(Hoat dong giéi thiéu thuat ngir sit dung trong bai hoc).

mins

(C): circle

I: center of the circle

B, C, D: points on the

T: Deliver the 1%
worksheet to ask the
students to fill in the
name of objects in a
given picture.

S: Work in pair to finish
the task in 3 mins.
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circle T: correct the answers.

IB: radius of the circle (a
line segment joining the
center of the circle to any
point on the circle itself; or
the length of such a
segment, which is half a
diameter).

R: the length of the radius

k: tangent line of the circle
(a straight line that touches
the circle at a single point).

CD: chord (a line segment
whose endpoints lie on the
circle).

CmD: minor arc
(connected part of the
circle's circumference).

Line CD: Secant (an
extended chord, a straight
line cutting the circle at
two points).

2. Reading the passage to get acquainted with the
language
(Hoat dong doc gidi thiéu ngdn ngir sir dung trong bai
hoc).

5 Fill in the gaps using the | T: deliver the 2
min
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given words

(a word may be used one
more time)

radius distance
tangent points

centre Common

A circle is the set of all
............ (1) in a plane that
are a given ............... 2
from a given point, the
............ (3). The distance
between any of the points
and the centre is called

A (5) of a circle
touches the circle at one
point and the distance from
the center of the circle to the
tangent is equal to the radius
of the circle.

worksheet to the students.

S: Work in pair to finish
the task in 3 mins

T: correct the answer and
take note some sentences
that should learn by heart

“the distance

“to be equal to”

3. Introducg the lesson
(Gioi thiéu kien thirc bai hec).

15
min

Problem 1. In the coordinate
plane, given a point I(a; b)
and a positive real number
R. On what conditions that

T: State problem

S: Find the solution to the
problem
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the point M(x; y) is on the
circle C(I; R) ?

Solution: M is on the circle
if and only if the distance
from the point M to the point
| is equal to R, that is

IM =R < [IM]=R

<:>\/(x—a)2+(y—b)2 =R
& (x—a)’ +(y-b)’* =R?

I. Standard form of the
equation of a circle

The circle with center
I(a; b) and radius R is the set
of all points (x; y) satisfying
the equation
2 2 2
(x—a)"+(y-b)"=R* (3

The equation (1) is called the
Standard form of the
equation of a circle

Example 1. Determine the
coordinate of the center and
the radius of a circle in the
following cases:

i. (x—2)2+(y+1)2 =3

Q:

What is the formulae to
calculate the distance
between two points?

What is the coordinates of
the vector IM?

T. State the equation of a
circle officially.

91




i, x2+(y+1)°-4=0

iii. X2 + y2 —4xX -2y +1-

iv. x2+y2—4x—2y+6

AnNs:

i 1(2:-1):R=+3

ii. 1(0;-1);R=2.

iii. Completing the square
form of x and y, we
obtain
(x-2°+(y-1)y=4

Thenl(2;1)and R = 2.

(x-2%+(y-1)°=-1,
then this is not the
equation of a circle.

Problem 2. Given the
equation

X2 +y? —2ax—2by+c=0 ()

On what conditions does the
equation (2) be the equation
of a circle. In this case,
determine the coordinates of
the center and the formula
to calculate the radius.

T. Deliver the 3"
worksheet.

S. Finish the task
individually.

T. Correct the answer.

Q. Convert the given
equation to the standard
form to identify the
coordinates of the center
and the radius in each
Ccases.

Q. Completing the
squares and moving on
the constant to the right.

S. Convert the given
equation to the standard
form of equation.

State the condition that
the equation exist. Then,
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Solution: Write the left-hand
side of the equation (2) in
completed square form

(x—a)?+(y-h)2—a?-b?

Moving on the constant to
the right-hand side

(x—a)?+(y—b)? =a® +b?

The equation (3) is in the
standard form of a circle,

the equation exits if and only
if the right-hand side is
positive, that is a* + b — ¢ >
0.

In this case, the coordinates
of the center are (a; b) and
the radius is va% +b? —c

Il. General equation of a
circle

The equation
x2+y2—2ax—-2by+c=0

where  a®+b?-c>0, is the
general equation of a circle
with center I(a; b) and the
radius of the circle is R =

Identify the coordinates of
the center and the length
of the radius in this case.

T. Correct the answer and
state the general equation
of a circle officially.
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Va?+b?—c

4. Examples

15
min

Example 1. Given two
points A(1; 2) and B( - 1; 4).
Find the equation of the
circle with the diameter AB.

Ans: The center of the circle
is the midpoint | of the
segment AB, then the
coordinates of 1(0; 3) and the

radius R = IA=+/2. Hence,
the equation of the circle
with the diameter AB is x* +
(y-3)°=3

Example 2. Given three
points A(1;2); B(2;5);
C(4;1). Find the equation of
the circumcircle of the
triangle ABC.

Ans:
AB (1;3); BC(2; —4); AC

Notice that AB .AC = 0
then the triangle ABC is
right triangle at A. Hence,
the center of the circumcircle

is the midpoint of the

T. Deliver the 4™
worksheet.

S. Finish the task in 5
mins.

T. Correct the answer.

Q. What is the center of
the circle? How to
calculate the coordinates
of the midpoint of a
segment?

Notice the character of
the triangle?

Locate the center of a
right triangle.
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hypotenuse BC. So, the
center 1(3; 3) and the radius

R = /5 and the equation of
the circle is

(x=3)"+(y-3)"=5

Example 3. Find the
equation of a circle which
touches the x- and y-axes
and passes through the point
A(-1;3)

Ans: Let | be the center of
the circle with coordinates
(a; b).

The circle touches the x and
y — axes that means d(l;0x)
=d(l; Qy) then |a| = |b| = R.

Case 1: If a = b then we
obtain the equation

(x-a)*+(y-a)*=a’
The point A is on the circle
then the coordinates
satisfying the equation, then
we have the equation

(-1-a)°+(B-a3’=a
©a?-4a+10=0

The equation has no roots in
this case.

Under what condition that
a line touches a circle?
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Case 2: If a =- b then the
equation is (x — a)” + (y + a)?
= a%. The point A is on the
circle then the coordinates
satisfying the equation, we
obtain the equation

(1+a)’+ (3+a)=a’
& a’+8+10=0.
Solving this equation gives a

=-4 4+ 1.-'_6. Therefore the
solution is

(x+4+6)7+(y—4-

\E )2 — (_ 4 - '»E )2

(X +4 - V62 + (y — 4 +/6)?
= (- 4 +/6)?

5. Summary the lesson

4 | - Review the terms learned during the lesson through
mins | flashcards.

- Summary the knowledge focus

6. Homework
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mins

Exercise 1: Find the equation of the circle (C) centered at
I(1; 2) and tangent to the line (d) with the equation: 3x —
4y +15 = 0.

Exercise 2: Find the equation of the circle (C) passing
through three points A( - 2; 4); B(5; 5); C(6; - 2).

Exercise 3: Given the circle (C): X’ +y*-2x -2y -2=0
and the line (d): x + 2y — 1 = 0. Find the points of
intersection of the line and the circle.

Exercise 4: Let (C) be the circle with the center | on the
line (d): x +y—1=0. Given that the circle is tangent to
the line (d’): 2x + y — 1 = 0 and the distance from | to (d’)
is 3. Find the equation of the circle.
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LESSON PLAN

PARAMETRIC EQUATIONS OF ALINE

Prepared by: Nguyen Dac Thang, Math Teacher of Hanoi —

Amsterdam High School

Lesson’s objectives.

At the end of the lesson, the students will be able to:

- Prove the parametric equations of a line.
- Identify the direction vector and the coordinates of

points of a line with given equation.

- Find the parametric equations of a line with given

conditions.
Solve problems involving lines.
Subject Matter

- Reference: Geometry for High-school Textbook.

- Materials: Sheets of paper.
Procedure

T: teacher ; S: Student ; Q: questions; Ans: Answer ;

Teacher
Ti and
Contents Students
me ,
activities
7. Introduce the lesson
(Gioi thiéu kien thic bai hec)
I. Direction vector of a line T: State the
definition of
20 u direction
mins / vector of a
line.
d
Q: How many
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Definition: A non — zero vector i is a
direction vector of a line d if the line
containing n is parallel or coincident to
d.

Notes:

- A given line has infinitely
direction vectors which are
collinear. (i.e: if 1 is a direction
vector of a line d then k.2i is also

direction vector of the line (for
any non — zero scalar k).

- A non-zero  vector i is a
direction vector of infinitely
parallel lines.

- Given a point M and a direction
vector i, there is one and only
one line passing through M and
get 1 be direction vector.

Problem: Given the line d passing
through a point M (x ; y) and get a
0o o 0

non-zero vector (a; b) be a direction
vector. What is the condition for the
point M(X; y) to lie on the line d?

Solution: M € d iff M,M and 1 are
collinear, it means there exists a

parameter t such that M, M = t.1, then
we have

(x—=x,¥—v,) =tla;b)

direction
vector does a
line have?

What is the
relation
between
them?

How many
lines does a
vector be
direction
vector of?
Why?

S: Answer all
the questions.

T: State the
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{x —Xx, =at {x = x, +at

[ —_

Y=Y, =bt (y=y,+bt
I1. Theorem

The point M(x; y) is on the line d if and

only if there exists a number t such that
X=X, +at
° (t € R)
y=y,+bt

The system above is called the
parametric equations of the line d, and t
is called the parameter.

Note:

- Each point on the line
corresponds to exactly one value
of t.

- By equating t values, we obtain
the equation

X —X,
a b

We call this equation the
Cartesian equation of the line.

- The gradient of the line : S

problem.

S: Find the
solutions.

Q: What is
the relation
between

1"-'1'01"-'? and 1 if

M lies on the
line d?

Which vector
equality can
we deduce?

T: State the
parametric
equations of a
line officially.

Q. How do
we calculate
the gradient
of the line?
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8. Examples

20

mins

Example 1: Given a line d in the form
of parametric equations

{x=2+3t (teR)

y =-4+5t
and a point M( - 3 ; 6)

a) State the coordinates of a direction
vector of d and two points on d.
Explain?

b) Find the parametric equations of the
line d1 passing through the point M

and being parallel to the line d.
c) Convert to Cartesian form.
Ans:

a) A direction vector of d is 1 (3; 5)
To obtain the points on the line d,
we substitute t by a real number.

Let t =1, we get the point (5; 1)
Let t = 0, we get the point (2; - 4).

b) Two parallel line have direction
vectors in common, then a direction
vector of d; is (3; 5). Because the
line d; passes through the point M
then the parametric equations of the
line d; is

T: Deliver the
worksheet
containing
with problems.

S: Find the
solution to the
problem.
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{x=—3+3t (teR)

y=6+5t

c) The Cartesian form of the line
x—2 y+4
3 5

Example 2: Find the parametric
equations of the line d passing through
the points A(1; 2) and B(2; - 1).

Ans: The line d passing through the
points A and B then it has direction

vector E(l; -3). Then the parametric

equations of the line d is
{x=1+n

y=2-3t (teR)

Example 3: Given the line point A(Z1;

X=2+3t
t(teR).LetH

2) and the d:{
y=4

be the foot of the perpendicular from A
to d. Find the coordinates of H.

Ans: H is on the line d, then H(2 + 3t;
4 -1). Hence, AH(1+ 3t;2 —1).
1(3;—1) is the direction vector of the
line.

H is the foot of the perpendicular from

Athen AH and il are perpendicular,

T: Is the
parametric
equations form
of a line
unique? Why?

Q: What is the
coordinates of
the point H
when H lies on
the line d?

What is the
relation

102




hence between AH

AH and 1 ?
i=023(1+3)-2-1=0210t+1=02t=1 \What equation
o -1, .| canwe
= —
Substituting o into the parametric deduce?

equations we obtain the foot of the

. 17 41
perpendicular o’ 1o

10

Note: AH is also the shortest distance
from A to the line d.

9. Wrap up activities
Hoat déng tich hep ciing ¢é ngdn ngik, thuat ngix bai hoc.

mins

Read the following passage and find out one of the
application of parametric equation.

Typical, igh school pre-calenlus and algebra courses only discuss parametric equations lightly and foens
on the fundamental funetions (polynomials, exponentials, trig, efe.] and this is a perfectly reasonable
approach. However, when it comes time to use our mathematical toolbox on real applied problems,
paramettie equations naturally arise, Particularly when the we encounter mation for which the location
is & function of time. For many c 1f these seenarios, it is easier and much more useful to have 1
cootdinates ¢ and y given as separate functions of time (and this will be even more useful as we go t

3 dimensions in Math 126). The basic facts we have so far (after our lecture on 10.1) are as folltwm.

L M2 =2(t) and y = y(t), then we can graph the parametric curve in the (z,y) plane by:

o Selecting various values of ¢ and calelating z and y. Then plot these points (z,y) and
indieate the direction of increasing tme,

o Attempting to eliminate the parameter by either salving for ¢ in one equation and using this
to teplace  in the other equation or using some identity (kely the trig identity sin®(f) +
c0s?(#) = 1) to combine the equations and eliminate the parameter, If we in fact eliminate
the parameter to get an 1qua'm in terms of 7 and y, then that equation represents the path
of eurve (but this equation doesn't contain any time information so we still have to go back

to the parametric equations to plot some points and indicate divection).

http://www.math.washington.edu/~aloveles/Math124\Wi

nter2013/m124ParametricEquationsintro.pdf
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10. Homework

Exercise 1: Find the parametric equations of the line
which passing through (3; - 4) and is parallel to the line
{x=1+2t;y=2-1t}

Exercise 2: (k; 4) lies on the line with parametric
equations {x =1 -2t; y =1 + t}. Find k.

Exercise 3: Given the line {x =2 +t;y =1-2t} and the
point A(1; 1). Prove that A doesn’t lie on the line and find
the coordinates of the foot of perpendicular of A on d.
Exercise 4: Yacht A moves according to

X=4+t

(t IS R)
y=5-2t

MINS | \Where the distance units are kilometers and the time

units are hours. Yacht B moves according to

Xx=1+2t
{ (t € R)
y=-8+t
a. Find the initial position of each yacht.
b. Show that the speed of each yacht is constant
and state the speeds.
C. If they start at 6:00am, find the time when
the yachts are closest to each other.
d. Prove that the paths of the yachts are right

angles to each other.
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LESSON PLAN

Tran Thanh Tuan - Hanoi University of Science

Lesson Title :Geometric Sequences

Course: A-level Date: 07/2013
Lesson: 6

Textbook: Hugh Neil and Douglas Quadling, Advanced Mathematics-
Core 3&4.

Process Standards:

6 Geometric Sequences or Geometric Progressions(G.P.)
6.1. Geometric sequences

6.2. Summing geometric series

6.3. Convergent geometric series

6.4. Using sigma notation

Lesson Objective(s):
- Recognize geometric sequences and be able to do calculations
on them.
- Know and be able to obtain the formula for the sum of a
geometric series.
- Know the condition for a geometric series to converge, and how
to find its limiting sum.

Language Objectives:
- Listen terms of geometric sequences and their definition.
- Use these terms in problems.
- Present solutions to get used to using new terms.

Skill Focus: Vocabulary Focus:
Solve problems relating G.P. Terms; Sequences; Series;
G.P.; Common ratio; First
term; Convergence.

PROCEDURE
Review: sequences, arithmetic sequences.
Outline of the lesson:

- Study two first sections of the topic.
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- Learn to know about geometric series and summing geometric
series through some examples.

- Practice doing problems.

Recap the lesson, hand out assignment, and talk briefly the
content of the next.

6.1 Geometric sequences

In the last lecture, we studied arithmetic sequences, in which you get
from one term to the next by adding a constant. A sequence in which
you get from one term to the next by multiplying by a constant is
called a geometric sequence.

Example 1

Show that the numbers 4, 12, 36, 108 form a geometric sequence. If
the sequence is continued, find

(a) the next two terms, (b) the twentieth term.

Solution:
Since
12=3x4, 36=3x12, 108 =3x36,

there is a constant multiplying factor of 3. So the numbers form a
geometric sequence.

(@) The next term is 3x108=324, and the term after that is
3x324=972.

(b) To get from the first term to the twentieth you have to multiply
by 3 nineteen times. So the twentieth term is 4x3". Correct
to 4 sifnificant figures, this is 4649 million.
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Example 2

The first two terms of a geometric sequence are 4, 20 and the last term
is 62500. How many terms are there altogether?

Solution:

To get from the first term to the second you must multiply by §: 5.

To get from the first term to the last you must multiply by

@:15625, which is 5°.

So, going one step at a time, you start at the first term and then
multiply by 5 six times. This means that 62500 is the seventh term of
the sequence.

A general definition for this kind of sequence is:

A geometric sequence, or geometric progression, is a sequence
defined by u,=a and u,,, =ru,, where r=0 or1,and i=1,2,3,...

The constant r is called the common ratio of the sequence.

You should notice two points about this definition. First, since the
letter r is conventionally used for the common ratio, a different letter,
i, is used for the suffixed.

Secondly, the ratios 0 and 1 are excluded. If you put r=0 in the
definition you get the sequence a,0,0,0,...; if you put r=1 you get
a,a,a,a,.... Neither is very interesting, and some of the properties of

geometric sequences breaks down if r=0 or 1. However, r can be
negative; in that case the terms are alternatively positive and negative.
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It is easy to give a formula for the ith term. To get from u, to u, you
multiply by the common ratio i-1 times, so u, =r""xu,, which gives

u =ar.

The ith term of a geometric sequence with first term a and common
ratio r is ar'".

Example 3

The first two terms of a geometric sequence are 10 and 11. Show that
the first term greater than 1000 is the fiftieth.

Solution:

The common ratio is 11+10=1.1. The ith term of the sequence is
therefore 10x1.1".

Each term of the sequence is greater than the preceding term. You
therefore have to show that the 49" term is less than 1000, and that the
50™ term is greater than 1000.

The 49" term is 10x1.1°* =10x1.1°® =970.17.....
The 50" term is 10x1.1°* =10x1.1*° =1067.18....
So the first term greater than 1000 is the fiftieth.

Example 4

Show that there are two geometric sequences whose first term is 5 and
whose fifth term is 80. For each of these sequences, find the tenth
term.

Solution:
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Since the first term is given, the sequence is determined by knowing
the common ratio r. The fifth termis 5xr°>* =5xr*.

If 5xr*=80,r"=16, SO r=+2.

The two sequences are 5, 10, 20, 40, 80, .... and 5, -10, 20, -40, 80,

The tenth term is 5xr'®* =5xr°.

So when r=2, the tenth term is 5x2° =5x512=2560; when r=-2,
the tenth term is 5x (-2)° =5x(-512) = —2560.

Handout: Homework
(C2-6.1) Name:

Homework Questions — Geometric Sequences

1. For each of the following geometric sequences find the common
ratio and the next two terms.

a) 3,6,12, ...

b) 2, -6,18,-54, ...

c) 32,168, ...

d) X%, x,1,...
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2. Find the expression for the ith term of each of the following
geometric sequences

a) 2618, ...
b)  81,27,9, ...
o) 1,-24

d)  x x%x,

3. Find the number of terms in each of these geometric progressions.

a) 2,4,8,...,2048

b) 5,-10, 20, ..., -40960

c) 2,6,18, ..., 1458

d)  xO x? %%, x"?
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4. Find the common ratio and the first term in the geometric
progressions where

a) The 2" term is 4 and the 5" term is 108

b)  The 3 termis 6 and the 7" term is 96

c) The 4™ term is 19683 and the 9" term is
81

d) The 3™ term is 8 and the 9" term is 64

5°. Different numbers x, y and z are the first three terms of a
geometric progression with common ratio r, and also the first, second
and fourth terms of an arithmetic progression.

a)  Find the value of r.
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b)

*

6.

Find which term of the arithmetic
progression will next be equal to a term of
the geometric progression.

Different numbers x, y and z are the first three terms of a

geometric progression with common ratio r, and also the first, second
and fifth terms of an arithmetic progression.

a)

b)

Find the value of .

Find which term of the arithmetic
progression will next be equal to a term of
the geometric progression.
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LESSON PLAN

Tran Thanh Tuan — Hanoi University of Science

Lesson Title : Application of Differentiation: Related Rates

Course: A-level Date: 07/2013
Lesson:
References:

- A-level lecture notes.

- Calculus lecture notes (MIT).

Process Standards: Connected Rates of Change
- Rates of Change, Chain Rule.
- Related Rates.

Lesson Objective(s):
- Review chain rule in taking derivative.

- Application of Differentiation: Solve problems in which
there are two quantities whose rates of change are related.

Language Objectives:

- Review terms in differentiation. Learn new terms in related
rates problems.

- Use these terms in problems.

- Present solutions to get used to using new terms.

Skill Focus: Vocabulary  Focus:
Chain rule, rates of
change, related rates.

— Chainrule

- Solving related rates problems.
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PROCEDURE
Review: chain rule, rates of change.
Outline of the lesson:

- Consider one or two introductory examples involving related
rates.

- Learn how to solve this type of problems. Give the general
strategy in solving related rates problems.

- Practice doing problems.

Recap the lesson and talk briefly the content of the next.

Connected Rates of Change: Use of the Chain Rule

Consider one or two following introductory examples.

Introductory example 1

Police are 30 feet from the side of the road. Their radar sees your car
approaching at 80 feet per second when your car is 50 feet away from
the radar gun. The speed limit is 65 miles per hour (which translates to
95 feet per second). Are you speeding?

Solution:

First, draw a diagram of the setup.
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Police

X «—

.
=

)
*

Next, give the variables names. Let D be the distance between the
police and the car and x be the distance from the car to the foot of the
altitude from the police to the road. The important thing to figure out
to solve this kind of problem is which variables are changing.

In this kind of problems, it is important to follow the following steps:

Step 1: first of all write down mathematically what information
we are told and what we want to find out.

e We are told the rate at which your car is approaching to the police,

i.e. we are told d—D.
dt

Note that at D =50, Z—?: D'=-80. D'is negative because the car is

moving in the —x direction.
e We want to find the rate at which the car is moving on the road,

) dx
1.e. we want —.
dt
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Step 2: We then use the chain rule to link what we are told with
what we want:

dD_ dD
dt dx dt
—— —— ——
told linking want
term

Here:

Step 3: Find an expression for the linking term
Notice that we can find an expression for the linking term ?j—D by
X

differentiating D =+/302 +x? , which is the Pythagorean theorem when
in the form 30 + x? = D? .
We obtain d—D:;.

dx /302 + x2
So our linking equation becomes: d—D:;x%.
dt 30%4+x2 dt

Step 4: substitute numerical values into the linking equation

We are told that Z—? =-80 and that x = 40 (since D =50). Therefore:

_go_ 20 dx
50 dt
e, 9X__80x50_ 150 feet per second.
dt 40

This exceeds the speed limit of 95 feet per second; you are, in fact,
speeding and will get a ticket.

The second solution (using implicit differentiation)

The Pythagorean Theorem says
30% +x? = D?.
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Differentiate this equation with respect to time (implicit

differentiation):

i(302 +x2 = Dz): 2xxX'=2DD' = x' = 280 )
dt 2X

Now, plug in the instantaneous numerical values:

X' =— 80:050 = —100 feet per second.

Introductory example 2

In a timing device, sand falls through a small hole to form a conical
heap. As the cone forms, the height, h cm, remains equal to the base
radius, r cm, of the heap.

a) The volume of the sand after t minutes is V cm®. Explain why
V :lﬂh3.

3
b) The sand falls through the hole at a rate of 3 cm® per minute. Find

the rate at which the height of the heap is increasing at the instant
when h = 2. Give your answer to 2 significant figures.

Solution:

a) Recall that the volume of a cone is V :%nrzh .
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Since we know here that r = h, the volume can be expressed as

v =lanen=taons,
3 3

b)

Step 1: first of all write down mathematically what information
we are told and what we want to find out.

e We are told the rate at which sand falls through the hall, i.e. we are

told 9.
dt

(note the clue is in the units cm® per minute).

e We want to find the rate at which the height increases, i.e. we
dh
want —.
dt
Step 2: We then use the chain rule to link what we are told with

what we want;

av_dv dn

deodn " d

told linking want
term

Here:

Step 3: Find an expression for the linking term

Notice that we can find an expression for the linking term ?j—\r/] by

differentiating v :%nh3.

We get N - n2.
dh
So our linking equation becomes: ?j_\t/ = h? x%.

Step 4: substitute numerical values into the linking equation
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We are told that ?j_\t/ =3 and that h = 2. Therefore:

3:7T><22X@
dt

% = 41 =0.24 cm per minute (correct to specified accuracy)
T

Examination question 1

At a time t minutes, a circular puddle has radius r cm and area A cm?.
a) Find Z—A in terms of r.
r

b) The radius is increasing at a rate of 3 cm per minute. Find the rate
at which the area is increasing at the instant when the radius is 50cm.

Solution:

a) The formula for the area of a circle is .................. . Therefore
A _
dr
b) Follow the steps given in the previous example.
Step 1: You are told ...
You want to find ...

(remember to look at the units for clues).

Step 2: The linking equation, using the chain rule is:
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s sl

told  linking term  want

Step 3: In part (a) we had an expression for 3—'?. Therefore j—;:

(the reciprocal)

Step 4: Substitute in the numerical values % =3 and r = 50:

Further examination style question:
The volume of a spherical balloon is decreasing at a rate of 25cm®/s.

Find the rate at which the radius is decreasing at the instant when the
radius of the balloon is 2cm. Give your answer correct to 2 significant
figures.

The formula relating to volumes of spheres is: V =
Differentiate this:

Told the value of j— which is -25 Want to find j—
The linking equation is:
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e i

told  linking term  want

The linking term is ...

Substitute in gives:
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LESSON PLAN
(by Chu Thu Hoan- GV PT Chuyén ngir, PHNN-DPHQG HN)

Lesson Title: Permutations and Combinations

Course: Mathematics Date: 07/2013 Lesson: 6

Process Standards:
6.1. Permutations
6.2. Combinations
6.3. Examples

6.4. Exercises

Academic Standards:
Standard 1 — Counting Techniques

Students develop an understanding of combinatorial reasoning, using
various types of diagrams and the fundamental counting principle to
find numbers of outcomes and related probabilities. They also use
simulations to solve counting and probability problems.

Performance Objectives:

After today’s lesson the students will solve problems by applying
permutations and combinations with 80% accuracy on the daily
assessment homework assignment. Permutations and combinations
will also be on a paper and pencil test that will be assessed at the end
of the chapter. Students should also recognize when to use
permutations or combinations instead of the other counting techniques
when solving a problem.

Assessment:
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When the students walk into the classroom there will be a daily
assessment or homework assignment written on the board. This
assignment will be due at the beginning of the next class. The goal of
the daily assessment is to give extra practice and test the knowledge
and understanding of the lesson of that day. In the homework
assignment the students will be applying permutations and
combinations to solve various problems. This will help give the
teacher feedback to where the students are at. There middle of the
chapter to help test the students overall knowledge of the lessons.

Advanced Preparation by Teacher:

The teacher should be prepared to teach the lesson and have all the
accommodation ready for the gifted and talented students. The teacher
should have the agenda, homework assignment, and bell ringer ready
when students come to class. The teacher should already have the
groups divided out on paper for when the teacher chooses groups. The
teacher should have all the examples ready when students come to
class, with appropriate solutions.

Essential Questions:

Some questions on the SAT begin: “How many...”.

Skill Focus: Vocabulary Focus:

Use the Fundamental Counting Permutation, Combination,
principle permutations to count counting principle

Procedure:

Introduction:

When the students come to class the teacher should have already
prepared a bell ringer activity that the students should begin when
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they arrive. The bell ringer should involve the pigeonhole principle
since that is what the last lesson’s assignment covered.

Bell Ringer:

A bowl contains ten red balls and ten blue balls. A woman selects
balls at random without looking at them.

1. How many balls must she select to be sure of having at least
three balls of the same color?

2. How many balls must she select to be sure of having at least
three blue balls?

It is good to provide a little review before you start a new lesson. The
agenda for the day should also be written on the board for the students
when they come in. While the students are working on the bell ringer
activity the teacher should use the time to take attendance and make
any further preparations for the lesson. When the students have
finished the bell ringer activity it is important for the teacher to go
over that activity. Make sure that all of student are on the same page
before you begin the new lesson. Now it is time to start today’s lesson.
The teacher should begin with an example on the board.

Example on Board

If the teacher wants to choose 5 students from the class today (lets say
20 students are in class today), how many different options would the
teacher have for his/her decision?

(Note: it does matter the order or who gets picked)

The teacher should then have the students start writing down possible
options, and have them try to figure out the answer on their own. The
teacher knows that the answer is way too large for the students to be
able to write down all the possibilities, but the teacher should let the
students try anyway for about 2 to 3 minutes. After the time is up the
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teacher should see students who are frustrated, because they have
realized how many possible solutions there are. The teacher should
ask the students what the highest number they came up with was, and
then the teacher should tell them the answer is 15.504. Teacher should
explain to the students that in today’s lesson they will learn a quick
and easy way to find that answer.

Step by Step Procedure:

Teacher should begin by explaining that today’s lesson will be over
permutations and combinations. Then teacher should explain exactly
what each one of those words means.

6.1 Permutations — what if you want to find the number of ways that
you can take a group of objects from a total set? Activity — have the
students put in the people in the first and 2" place race and see how
many possibilities that they get. It is best to start with the question,
how many ways can | award 1% and 2" place to 4 people? The
reaction that students may initially have is 4! Or 24. So, let them place
the people and record the answers. They should get 12possibilities.

Ask the students to use the same pieces, but answer, what if there was
1%, 2" and 3" place to award for those 4 people? Now there are 24
possibilities.

What if there is only 1% place? Now there are only 4 possibilities.

When you take sub-groups from an original group the possibilities
change depending on the size of the sub-group. This does use the
Fundamental Counting principle, but it extends it to something called

a permutation. The formula for Permutation is defined to be when we

have a total of n objects and we are taking a sub-group of r, (nn—lr)l or

it is also written as  P. or P(n;r). See if you can find it in their
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calculator or do the examples above using the formula, showing how
factorial written out can cancel.

If there are 4 people and you need to pick a 1%, and 2" place winner,
how many ways that be done? N=4 and r=2 so
4! 4e3e2el

= =4e3=12
(4-2)! 2l

Have the students calculate 4 people with 1%, 2" and 3" place
winners, 4 people and 1% place winner only, and 4 people and 1, 2",
3" and 4™,

6.2 Combinations — Have students put the 4 people in teams of 2.
Start with asking the question, how many ways can we take four
people and put them in teams of 2? They many do a permutation and
answer 12. Have them work the people and record the possibilities to
see. Make sure to point out as they are working isn’t a team of Shane
and Carson the same thing as a team of Carson and Shane?
With those same people, have them calculate a team of 1 and then a
team of 3?
Have them compare their results to those when we did 1%, 2" and 3"
place. Why is this different? They need to be guided to the fact that
ORDER doesn’t matter (within the sub-group) for these types of
problems, where ORDER did matter for permutations and
fundamental counting principle problems.

Combinations n is the total group and r is the number in the sub-
nl

group: (n=r)lr!

The other way it is written is C| (or C(n,r)). See if students can find it
on their calculator.
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Now, do the calculations with the above finding a team problem using
the formula. Focus on canceling out the factorials and doing order of
operations properly.

A permutation is a set of distinct objects is am ordered arrangement
of these objects. A combination is a set of unordered elements from
the total set. The teacher should ask the students if they see the
difference between the two definitions. The teacher should ask the
student what they think it means, and how it affects the problem. The
teacher should then give a simple example of a permutation problem
followed by a simple example of combination problem (no need to
solve yet).

6.3 Examples

Example 1: How many sets can you create from the set = (a, b, c, d)
when each set has to have 2 elements in it?

The teacher should then explain the difference between the two
problems and why the first is a permutation and the second is a
combination. Once the teacher feels that the class understands the
difference between the two, then it is time to move on to formulas.
The formula for permutation is n! / (n-r)!, where n is the number of
distinct elements and r is number of permutations in the set. The
teacher should then go over some examples and teach the students
how to apply the formula. Then the teacher should have the students
do some examples by themselves at their desk.

Example 2

Suppose that there are eights runners in a race. The winner receives a
gold medal the second-place finisher receives a silver medal, and the
third-place finisher receives a bronze medal. How many different
ways are there to award these medals, if all possible outcomes of the
race can occur and there are no ties?
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Solution: Since there are 8 runners and three medals
P(8,3)=8*7*6*5*4*3*2*]1/5*4*3*2*1=8*7*6=
336

The teacher should make sure to write this whole solution out on the
board and explain step by step what gets crossed off and why you can
simplify.

Example 3

Suppose that a saleswoman has to visit eight different cities. She must
begin her trip in a specified city, but she can visit the other seven
cities in any order she wishes. How many possible orders can the
saleswoman use when visiting the cities?

Solution: The first city is locked in but the order seven can be chosen
however she wants them to be. Thus the answer is 7! = 5040

Example 4

How many permutations of the letters ABCDEFGH contain the string
ABC?

Solution: Since we have a block of 3 that have to occur, the other six
letters can be in any order, thus the answer is 6! = 720.

Now the teacher should do the same with combinations. The teacher
should explain the combinations formula, which is:
n! / r! (n-r)! where r is the number of combinations and n is the
number of elements. The teacher should then go over examples as a
class then have the students do one example by themselves.

Example 5

How many ways are there to select five players from a 10-member
tennis team to make a trip to a match at another school?
Solution:

Using the formula you can set it up C(10, 5) = 10! / 5! *5! = 252
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Example 6:

How many ways are there to select a first prize winner, second-prize
winner, and a third-prize winner from five different people who have
entered a contest?

Example 7

A group of 30 people have been trained as astronauts to go on the first
mission to Mars. How many ways are there to select a crew of six
people to go on this mission (assuming that all crew members have the
same job)?

Solution:
Using the formula C(30,6)=30!/6! * 24! = 593,775

Example 8

How many bit strings of length n contain exactly r 1s?
Solution:

The positions of r 1s in a bit string of length n form an r-combination
of the set (1,2,3,...,n). Hence, there are C(n,r) bit strings of length n
that contain exactly r 1s.

Now the teacher should divide the class into six groups of 3 or 4. Then
the teacher should explain to the groups that he/she will give the
groups examples and they have to solve the problem, however they
are going to have to determine whether they have to use permutations
or combinations.

Examples 9

1) How many ways are there to select a committee to develop a
discrete mathematics course at a school if the committee is to consist
of three faculty members from the mathematics department and four
from computer science department, if there are nine faculty members
of mathematics department and 11 of the computer science
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department?

2) How many ways are there for eight men and five women to stand in
a Ine so that not two women stand next to each other? (Hint: First
position the men and then consider possible positions for the women.)
3) In how many different orders can five runners finish a race if no
ties are allowed?

The teacher should then go over those problems with the class as a
whole and answer in questions they might have. Now the teacher
needs to try and incorporate all the other counting methods into
today’s lesson. Then the teacher should have the each group go to the
board and teach the class how to solve their problem. The group will
first have to decide which counting technique to use to solve their
given problem.

Examples 10

1) How many license plates can be made using either three digits
followed by three letters or three letters followed by three digits? (uses
the product rule)

2) How many bit strings of length four do not have two consecutive
1s? (uses the three diagrams).

3) Show that if there are 30 students in a class, then at least two have
last names that begin with the same letter. (uses the pigeonhole
principle)

4) How many permutations of the letters ABCDEFG contain

A) the string of BCD
B) the string of CFGA
C) the string BA and GF
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5) How many ways are there to seat six people around a circular table,
where seatings are considered to be the same if they can be obtained
from each other by rotating the table? (uses combinations)

When a group is done with their specific problem they should check in
with the teacher to make sure it is correct, then put it on the board and
wait for everyone else to be done.

When everyone is done, then one by one each group should teach the
class how to solve their problem and why they used the counting
principle that they did.

Closure: The teacher should close by talking real briefly about each
one of the counting techniques, and explain when to use the correct
ones. The teacher should then have the student restate the formulas
that the lesson covered today. Then the students should go back to
their seats and make sure everything is ready for the next class. The
students should begin their homework until the bell rings.

6.4 Homework:
1) Arrangements of Letters/People

Some questions will involve restrictions. The most typical
restrictions are:

(a) some letters/people must be placed somewhere or together
(b) some letters/people cannot be placed somewhere or together
Exercise 1:

Find the number of different arrangements of the 10 letters of the
word INCREDIBLE in which

(i)  all the vowels must be together

(i) none of the vowels are adjacent
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Solution:
() There are two methods to approach the problem.
Method 1:

First, consider the consonants: N,C,RD,B and L
Number of ways to arrange the consonants = 6!
Next, consider the vowels. Since they must be together, they will
occupy exactly one slot in between the consonants (or at the two
ends):

The spaces indicate the
N_C_R_D_ B L < possible positions that the
vowels can occupv

There are 7 choices

The vowels are: I, I, Eand E

| .
There are % ways of arranging these among themselves in the slot.

Now put it all together.

|
¢ number of arrangements = 6! x 7 X % = 30 240

Method 2:

A commonly taught way is to think of the 4 vowels as a bundled unit.
The consonants are each of unit.

First, there are 7 units altogether, and 7! Ways to arrange these units
(6 consonants and 1 bundled unit).

Next, the number of permutations to arrange vowels within their unit

41 :
= Notice that

2121
the approach
41

+ number of arrangements = 7! x —— =30 240 +—| is different
212! but the

answer is the
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(i)

(iii)

Is this complementary case to 1)?
No! The complementary case to (i) includes those cases
where only 2 or 3 vowels are together. However, what we
want here is none of the vowels are adjacent.

Recall from (i) Method 1

First, consider the consonants: N, C, R, D, B and L
Number of ways to arrange consonants = 6!

Next, consider the vowels. As they must be separate, they
will occupy exactly four slots in between the consonants (or
at the two ends):

N_ C R D B L

There are 'C, choices.

The vowels are: I, I, Eand E

| .
There are % ways of arranging these among themselves in the

four slots.

Now put it all together.

41

¢ number of arrangements = 6! x 'C, x ﬁ =151 200

Side-by-side comparison between (i) and (ii):
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(i) All the vowels must be
together

(i) None of the wvowels are
adjacent

First, consider the consonants:
N, C, R, D, B and L.
Number of ways to arrange
consonants =6!
Next, consider the vowels. As
they must be together, they
can occupy exactly one slot in
between the consonants (or at
the two ends):
N C R D B

L

There are 7 choices.

The vowels are: I, I, E and E.
There are —— ways of
arranging  these  among

themselves in the slot.

¢ number of arrangements

=61 x 7 x 2 =30 240

2121

First, consider the consonants: N,

C, R, Db B and L.
Number of ways to arrange
consonants = 6!

Next, consider the vowels. As they
must be separate, they can occupy
exactly four slots in between the
consonants (or at the two ends):

N C R D B L

There are 'C, choices.

The vowels are: I, I, E and E

| .
There are % ways of arranging

these among themselves in the four
slots.
¢ number of arrangements

= 6! x 'C, x L =151 200

2121

2. Forming a Committee/Delegation

Again we will be given constraints similar to the earlier section
(arrangements of letter/people), for example, two particular objects

must (not) be selected.

However, when forming a committee, these order in which the
members are picked does not matter.
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Only the final combination of the committee matters.
Exercise 2

Find the number of ways to divide 12 people into
(i) two groups consisting of 7 and 5 people,
(i) two groups consisting of 6  people each,
(i)  three  groups consisting of 4 people each,
(iv) three groups consisting of 4, 4 and 3 people with 1 person
excluded.

We can just think of
it as *C., since the
(i) Number of ways = ““C, x °C, =792 <—| other 5 people must
be in the other group,
i.e. they have no
choice

Solution

(i) Think of the two group of 6 as ‘identical objects’. When
dealing identical objects, divide by x!, where x is the

number of identical objects. Use the
2c «5C same
Hence, number of ways = —2 & =462 * | method
as (ii).

Take note
Number of ways = **C, x °C, = 924?

No! We are double counting in this case. Why?
Suppose the people are labeled Al to A12. We could choose Al to
A6 in one group; A7 to A12 must automatically in the other group.
Or we could choose A7 to Al12; then Al to A6 must automatically
in the other group. In either case, the end result is the same!
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12(:4 % 8c4 % 4C

(iii)  Number of ways = 3 L =5775
(iv) Note that the question is the same as asking “four groups
consisting of 4, 4, 3 and 1 people’.
12 8 4 1
Number of ways = Cox C“; Cox €, - 69 300
Divide by 2! As
the two groups
of 4 are
considerd as
identical

Exercise 3

A committee of 6 is to be formed from 6 women and 5 men. Find
the number of ways in which the committee can be chosen
(i) if it comprises at most 2 women,

(it)  if it comprises fewer than 4 women.

Solution

(1 Number of ways to choose a committee which comprises 2
women = °C,x°C, =75
Number of ways to choose a committee which comprises 1
woman = °C, x°C, =6
Number of ways to choose a committee which comprises no
women = 0 (impossible!)

Total number of ways =75 + 6 =81
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N
Take note: Contrast with Example 2

Although there are two groups of 3 in this, we do not treat them

as identical objects and divide by 2!, unlike in Example 2.

This is because one group consist of men and the other consist of

~—_women.
Method 1:

Number of ways to choose a committee which comprises 3 men
= °C,x°C, =200

Number of ways to choose a committee which comprises 2 men
=°C,x°C, =150

Number of ways to choose a committee which comprises 1 man
=°C,x°C, =30

Number of ways to choose a committee which comprises no men
=°C, =1

=¢C, =

Total number of ways = 200 + 150 + 30 + 1 = 381

Method 2:

This is the same as (Recognise that (ii) is the complementary
case to (i)):

Number of ways = Number of ways without restriction —
Number of ways in (i)

=*C, -81=381
3. Code Words

Code words is a combination of the previous two sections with both
permutations and combinations involved. Typically, we first find the
number of ways to select the letters, then multiply with the number
of ways to permute the chosen letters.
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Exercise 4

Find the number of four-letter code words that can be formed from
the word MANSION

() using both Ns,
(i) using at most one N.
Solution

(1)  We must two other letters, from MASIO, to arrange with the
two Ns.

There are °C, choices.

The four letters (two Ns and two other letters) can be

. 4]
permuted in o ways.

|
¢ number of code words = °C, x% =120

_—

Take note
Is this the complementary case to (i)?

Yes! If we can find the total number of four-letter code words
without restriction, we can subtract the answer in (i) from it to get
the answer.

Unfortunately, in this case we are not able to find the total number
of four-letter code words easily.

Number of four-letter code words with exactly one N = °C, x
41 =240

Number of four-letter code words with no N = °C, x 4! =120
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Note that in both
cases, all four
Now add up the cases. letters will be
different, so we
need not divide
by any identical
4. Numbers and their Factors objects in this

4 number of code words = 240 + 120 =360 <

These questions typically require finding the number of factors of a
given integer.

Exercise 5

The prime factors of 543 312 are 2, 3, 7 and 11. Excluding 1 and
543 312, how many positive factors of 543 312 are there?

Solution
543312 =2*x 3% x 7° x 111

The positive factors of 543 312 are of the form 2P x 3% x 7" x 11°,
where p =0, 1, 2, 3 or 4;

g=0,1or2
r=0,1,2or3;
s=0orl.
For example, 2! x 3° x 72 x 11' = 1078 is a factor of 543 312.

Thus, we have 5 choices for p, 3 choices for g, 4 choices for r and 2
choices for s.

Number of factors=5x3 x4 x 2 =120
Take note

Failure to consider all possibilities/leave out some possibilities:
Some people would stop here. Is this the final answer?

Remember that the factors 1 and 543 312 must be excluded.

Therefore, there are 120 — 2 = 118 such factors.
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5. Circular Permutations

A distinct difference between seating people on a straight bench
and seating them at a circular table is that each person has two
‘neighbors’ in the latter situation. Also, in a circle, as long as each
person retains the same neighbors, they can be rotated round the
circle without causing any difference.

In general, the number of ways to arrange n distinct objects in a
circular manner is (n — 1)!.

Exercise 6

At a carnival, 3 boys and 6 girls are to be seated round a carousel
with 9 seats.

Assuming each child occupies exactly 1 seat, in how many ways
can this be done

(i) if the 3 boys must seat together,

(i) if 2 particular girls cannot sit together?

Solution

(i)  Treat the three boy as a bundled unit.
Thus there are 7 units altogether (6 girls and 1 bundled
unit).
Number of permutations for these 7 units = (7 — 1)! = 720
Number of permutations for the 3 boys =3! =6
Total number of ways = 720 x 6 = 4320

(i) Number of ways without restriction = (9 — 1)! =40 320
Number of ways that the two girls can sit together
=(8-1)!x21'=10080
Total number of ways = 40 320 — 10 080 = 30 240

The calculation

follows the same

concept as in (i).

Exercise 7
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Same question as above, except that the seats on the carousel are
now numbered.

Solution

Note that there are now 9 distinct seats, thus we multiply the
answer in Example 6(i) and 6(ii) by 9.

(i) Number of ways = 4320 x 9 = 38 880

(i) Number of ways = 30 240 x 9 = 272 160

6. More Complicated Permutations

Sometimes, objects may be arranged in a manner that is neither
linear nor circular. In such situations, we would need to make sure
that all possibilities in each case are considered.

Exercise 8
A room has 2 doors at the corners. There are 9 fixed chairs labeled
A B, C,..., lin the room, lined up against the walls (see diagram).

9 girls are to be seated in the room, each on a chair

Door
A B C
D
E
F
' H G Door
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(1 In how many ways can this be done?

(i)  Next, find the number of ways in which they can be seated
(@) if 2 particular girls cannot be seated on any of the 4
chairs next to a doors,

(b) if 2 particular girls cannot be seated next to each other
against the same wall.

Solution
(1 Number of ways without restriction = 9! = 362 880

(i) (@  The 2 girls can only be seated on the chair labelled A,
B,E,Hand I.

Number of ways to arrange these girls = °C, x 2! =20

(Or, number of ways to
Recall that "C, x r!

="p

r

arrange these girls = °P, =20) «—|

Number of ways to arrange the remaining girls = 7!
Total number of ways = 20 x 7! = 100 800

_—
Take note Taking the wrong complement

Did you consider using Complementary Principle in (ii) (a)? Did
you realize that the complementary case is not ‘the 2 girls are
seated on the 4 chairs next to a door’? Instead, it includes the cases
‘exactly 1 girl is seated next to a door’ and ‘both girls are seated
next to a door’. Thus, the complementary case is more complicated
than the original!

(b)  Number of ways for the 2 girls to sit next to each
other = 3 x 2 x 21 x 71 = 60480
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-

|

.

3 walls to
choose from

Number of
permutations
for the 2 airls

2 ways to place
2 girls against
the chosen wall

Number of
permutations
for the
remaining 7
girls

Number of acceptable ways = 9! — 60 480 = 302 400

—
Take note

¥

Self-Reflection: After the lesson has been taught the teacher should
reflect on how successful the lesson was? Are there any ways to
improve the lesson? Did the students enjoy the lesson? Did the
students learn the standards? Did it work in the time that it was

Notice that this time the complementary case is less complicated,
so it provides a shortcut for us to calculate the answer! You may
wish to attempt calculating it directly to appreciate that you have to
be very careful when using the direct method for this question.

supposed to? Would you teach this lesson again?
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PERMUTATIONS AND COMBINATIONS

Bell Ringer:

A bowl contains ten red balls and ten blue balls. A woman selects
balls at random without looking at them.

5. How many balls must she select to be sure of having at least
three balls of the same color?

6. How many balls must she select to be sure of having at least
three blue balls?

Example on Board

If the teacher wants to choose 5 students from the class today (lets say
20 students are in class today), how many different options would the
teacher have for his/her decision?

(Note: it does matter the order or who gets picked)

Example 1:

How many sets can you create from the set = (a, b, ¢, d) when each set
has to have 2 elements in it?

Example 2

Suppose that there are eights runners in a race. The winner receives a
gold medal the second-place finisher receives a silver medal, and the
third-place finisher receives a bronze medal. How many different
ways are there to award these medals, if all possible outcomes of the
race can occur and there are no ties?

Example 3

Suppose that a saleswoman has to visit eight different cities. She must
begin her trip in a specified city, but she can visit the other seven
cities in any order she wishes. How many possible orders can the
saleswoman use when visiting the cities?
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Example 4

How many permutations of the letters ABCDEFGH contain the string
ABC?

Example 5
How many ways are there to select five players from a 10-member
tennis team to make a trip to a match at another school?
Example 6:
How many ways are there to select a first prize winner, second-prize

winner, and a third-prize winner from five different people who have
entered a contest?

Example 7

A group of 30 people have been trained as astronauts to go on the first
mission to Mars. How many ways are there to select a crew of six
people to go on this mission (assuming that all crew members have the
same job)?

Example 8 for students to do at their desks

How many bit strings of length n contain exactly r 1s?

Examples 9

1) How many ways are there to select a committee to develop a
discrete mathematics course at a school if the committee is to consist
of three faculty members from the mathematics department and four
from computer science department, if there are nine faculty members
of mathematics department and 11 of the computer science
department?

2) How many ways are there for eight men and five women to stand in
a Ine so that not two women stand next to each other? (Hint: First
position the men and then consider possible positions for the women.)
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3) In how many different orders can five runners finish a race if no
ties are allowed?

The teacher should then go over those problems with the class as a
whole and answer in questions they might have. Now the teacher
needs to try and incorporate all the other counting methods into
today’s lesson. Then the teacher should have the each group go to the
board and teach the class how to solve their problem. The group will
first have to decide which counting technique to use to solve their
given problem.

Examples 10

1) How many license plates can be made using either three digits
followed by three letters or three letters followed by three
digits? (uses the product rule)

2) How many bit strings of length four do not have two
consecutive 1s? (uses the three diagrams)
3) Show that if there are 30 students in a class, then at least two
have last names that begin with the same letter. (uses the
pigeonhole principle)

4) How many permutations of the letters ABCDEFG contain
A) the string of BCD
B) the string of CFGA
C) the string BA and GF

5) How many ways are there to seat six people around a circular table,
where seatings are considered to be the same if they can be obtained
from each other by rotating the table? (uses combinations)
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EXERCISES
Exercise 1:

Find the number of different arrangements of the 10 letters of the
word INCREDIBLE in which

(iii)  all the vowels must be together
(iv)  none of the vowels are adjacent
Exercise 2

Find the number of ways to divide 12 people into

() two groups consisting of 7 and 5 people,
(i) two groups consisting of 6 people each,
(i) three groups consisting of 4 people each,

(iv) three groups consisting of 4, 4 and 3 people with 1 person
excluded.

Exercise 3

A committee of 6 is to be formed from 6 women and 5 men. Find
the number of ways in which the committee can be chosen
(1 if it comprises at most 2 women,
(it)  if it comprises fewer than 4 women.

Exercise 4

Find the number of four-letter code words that can be formed from
the word MANSION

(i) using both Ns,

(if) using at most one N.
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Exercise 5

The prime factors of 543 312 are 2, 3, 7 and 11. Excluding 1 and
543 312, how many positive factors of 543 312 are there?
Exercise 6

At a carnival, 3 boys and 6 girls are to be seated round a carousel
with 9 seats.

Assuming each child occupies exactly 1 seat, in how many ways can
this be done

(i) if the 3 boys must seat together,
(i) if 2 particular girls cannot sit together?
Exercise 7

Same question as above, except that the seats on the carousel are
now numbered.

Exercise 8

A room has 2 doors at the corners. There are 9 fixed chairs labeled
A, B, C,..., lin the room, lined up against the walls (see diagram).
9 girls are to be seated in the room, each on a chair

(iii)  In how many ways can this be done?

(iv)  Next, find the number of ways in which they can be seated
(@) if 2 particular girls cannot be seated on any of the 4
chairs next to a doors,

(b) if 2 particular girls cannot be seated next to each other
against the same wall.
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